Developing evolutionary structural optimization techniques for civil engineering applications by Tang, J
  
Developing Evolutionary Structural 
Optimization Techniques for Civil 
Engineering Applications 
 
A thesis submitted in fulfilment of the requirement for the degree of 
Doctor of Philosophy 
 
 
Jiwu Tang  
B.Eng., M.Eng. 
 
School of Civil, Environmental and Chemical Engineering 





I wish to express my sincere gratitude to my senior supervisor, Professor Yi-Min 
(Mike) Xie, for his continuous support and encouragement over the past years of 
my PhD candidature. Mike has been always patient, providing fruitful guidance. He 
has played a role as not only a serious supervisor in my research, but also a helpful 
mentor of life and an easy-going friend in spare time. He encouraged me during my 
hardest time and led me to the start line of marathon, from which I will benefit all 
my life. 
I am heartily thankful to my second supervisor, Mr. Peter Felicetti, for his creative 
suggestions during my study. He has provided me with many valuable ideas and 
practical application cases. 
I am grateful to RMIT University for providing me with an International Scholar-
ship during my study. I also would like to thank the academic and administrative 
staff in the School of Civil, Environmental and Chemical Engineering for their 
support and friendship. I would like to express my thanks to the staff at Spatial In-
formation Architecture Laboratory (SIAL) for their cooperation and printing out of 
3D wax models.  I am grateful to Prof. Jiyuan Tu for his guidance in CFD analysis 
and Dr. Daren Peng for his advice on fracture mechanics. 
My special heartfelt gratitude goes to my parents and my brother in China, for their 
love, support and encouragement throughout this research and during the many 
years of study that preceded it. It is to them I dedicate this thesis. 
 II 
Declaration 
This is to certify that except where due acknowledgement has been made, the work 
is that of the candidate alone, that the work has not been submitted previously, in 
whole or in part, to qualify for any other academic award, that the content of the 
thesis is the result of the work which has been carried out since the official com-
mencement date of the approved research program, and that any editorial work, 





This thesis develops structural optimization techniques for a series of civil engi-
neering applications, including form-finding of complex structures, optimum patch 
repair for cracks, and building shape and topology optimization considering wind 
loads. 
The original Evolutionary Structural Optimization method (ESO) removes material 
from a structure based on von Mises stress or strain energy of each element. Cer-
tain construction materials are only suitable for sustaining compressive or tensile 
stress. Concrete, for example, is more suitable to take compressive loads. In this 
thesis the original ESO method is modified so that tension-dominant or compres-
sion-dominant structures can be obtained and optimized. Several case studies dem-
onstrate excellent resemblance of ESO solutions to real structures, such as the fa-
mous Sagrada Família Church façade in Barcelona that was designed by the re-
nowned Spanish architect Gaudí more than 100 years ago with a similar aim (i.e. 
members in compressions) but a different approach. The pioneering work of this 
thesis in applying the ESO method successfully to form-finding and reverse engi-
neering of iconic architectural designs has significantly expanded the opportunity 
of transdisciplinary cooperation between civil engineers and architects. Indeed, 
from the above work the author has published several journal articles in collabora-
tion with eminent architects. 
Cracks represent a frequent occurrence in many aged civil infrastructure such as 
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buildings and bridges. A crack may propagate due to stress concentration at the 
crack tip, and eventually cause a fracture of the structural component. Patch repairs 
are economic and easy to apply without destroying the existing structure. This the-
sis studies the topological optimization for patch repair of structures with cracks 
using a revised Bi-directional Evolutionary Structural Optimization method 
(BESO). The fracture risk of a cracked plate is evaluated by the stress intensity 
factor (SIF) at the crack tip, which is numerically simulated using the Quarter-Point 
Displacement Technique (QPDT). The most efficient distribution of patch material 
is determined by using the revised BESO method. Based on the sensitivities of 
elements, the topology of the patch material is modified gradually by removing less 
efficient elements while adding material to more efficient locations, and finally 
achieves an optimum. It is found that by redistributing the patch material using the 
proposed optimization technique, the SIF of the cracked plate could be reduced by 
up to 24%.  
Wind loading competes with seismic loading as the dominant environmental load-
ing for building structures, especially for high-rise towers. This thesis presents a 
systematic study of wind drag on high-rise polygonal buildings using Computa-
tional Fluid Dynamics (CFD) with both steady-state simulations and transient 
simulations. Wind loads of various polygonal towers as well as the effect of tower 
twisting are investigated using parametric studies as a simple procedure of optimi-
zation for limited design variables. It is evident from the analysis results that twist-
ing leads to a significant reduction in the cross-wind fluctuating forces as the vor-
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tex shedding cannot be synchronised throughout the building height. The effects of 
rounded corners of the building cross-sections are also clearly demonstrated. 
Although the parametric design approach can be implemented very easily for a 
range of optimization problems, it is only suitable for problems with a small num-
ber of design variables. To address the limitation of the parametric design approach, 
the ESO method applied in this thesis to the optimum structural topology design of 
buildings considering wind loads. The effectiveness of the approach is verified by 
examples. 
The approaches and findings shown in this thesis have established appropriate 
techniques for various applications of ESO/BESO methods in civil engineering. 
The work has provided a solid foundation for creating a practical design tool in the 
form of a user-friendly computer program suitable for the conceptual design and 
repair of a wide range of structures in civil engineering. 
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1.1 Topology optimization 
The subject of optimization is a lively topic in almost every discipline. The desire 
for structural optimization is nothing new. The development of structural forms 
such as domes, suspension bridges and stiffened panels etc. was the result of 
previous engineers’ efforts to transmit forces to various supports in an optimized 
manner. Traditional structural optimization is commonly categorized into three 
classes, i.e. sizing optimization, shape optimization and topology optimization. 
Sizing optimization treats the sizes of structural members as the design variables 
while shape optimization tries to find better shapes with the design variables as 
those parameters describing the external and internal boundaries of the structure. 
These two categories assume constant topologies in the structure. Topology 
optimization on the other hand, is able to change the structure topologies in order 
to optimize the structure’s behaviours. Such a categorization of structure 
optimization is rather crude and too ideal. In fact, topology optimization combines 
the previous two classes and is called in some circumstances layout optimization 
(Eschenauer & Olhoff, 2001; Rozvany, et al., 1995). By layout it is meant the 
structural topology, geometry and cross-sectional dimensions. Topology 
optimization is the main topic of this thesis. 
Chapter 1 Introduction 
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The development of the topology optimization theories dates back to Michell’s 
pioneering work (Michell, 1904) where the conditions for optimality of load-
carrying structures were set up. Ever since then, engineers and mathematicians 
have been working continuously on refining the theories and developing methods 
for realizing topological optima. With the advent of modern computers, the 
development of Mathematical Programming techniques such as the gradient 
projection, steepest descent and feasible directions during the late 40's and early 
50's provided further impetus to the application of optimization methods in 
engineering design. Over the past decades, structural optimization has been 
exhaustively explored and successfully applied to optimizing structures and 
mechanical elements. Several popular methods for topology optimization have 
been established such as the homogenization method (Bendsøe & Kikuchi, 1988), 
the solid isotropic material with penalization (SIMP) method (Bendsøe, 1989; 
Bendsøe & Sigmund, 2003; Ritz, 2001; Rozvany, et al., 1992; Zhou & Rozvany, 
1991), the evolutionary structural optimization (ESO) method (Xie & Steven, 
1993; Xie & Steven, 1997) and the level set techniques (Sethian & Wiegmann, 
2000; Wang, et al., 2003). The recent version of bi-directional evolutionary 
structural optimization (BESO) method was proposed by Huang and Xie (2007; 
2009) with enhancement in the theory and applications. 
1.2 Practical problems to be considered 
1.2.1 Form finding for complex structures 
The renowned architect Antonio Gaudí developed a number of his architectural 
designs through the use of funicular structural systems, known as hanging models. 
Chapter 1 Introduction 
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The funicular shape of the ‘cable’ is load dependent. Variations of the shape will 
occur as the cable is loaded with point loads, uniformly distributed loads etc.  
There has been considerable debate as to whether Gaudí’s complex forms were 
based on rational structural methods or based on aesthetics. However there is 
evidence that he utilized geometrical methods to resolve forces and to proportion 
the elements of his building designs. Also Gaudí did not take horizontal action 
into account, but designed and built the towers of the Nativity, for example, of 
sections that made equilibrium possible without the need for buttresses, regardless 
of any wind load. 
Actually such kind of form-finding can be considered as a problem of structural 
optimization and topology design, thus the ESO method can be applied as a 
design tool to derive the desired structural form. 
1.2.2 Patch repair of structures with cracks 
Cracks represent a frequent occurrence in many aged civil infrastructures such as 
buildings and bridges. Cracks mean more than a decrease of static strength. A 
crack may propagate due to the stress concentration at the crack tip, and 
eventually cause a fracture of the structural component. Patch repairs are 
economic and easy to apply without destroying the existing structure. The bonded 
patch offers many advantages over a mechanically fastened doubler which include 
improved fatigue life, reduced corrosion and in situ applications. However, a 
badly implemented repair can be more dangerous than the unrepaired 
Chapter 1 Introduction 
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configuration (Mahadesh Kumar & Hakeem, 2000). An optimum patch design 
will make an efficient use of the patch material and reduce the risk of fracture 
effectively. 
1.2.3 Building design considering wind loading 
Wind loading competes with seismic loading as the dominant environmental 
loading for building structures, especially for high-rise towers (Holmes, 2007). 
Wind-induced forces acting on a building depend upon the characteristics of the 
wind itself, upon the shape and topology of the building, as well as details or 
texture of the building’s external surfaces. Accurate information of wind loads on 
buildings is known only for a small number of specific structural geometries, and 
most of this information has been obtained from analytical fluid dynamics and 
wind tunnel testing on small-scale models that simulates ideal steady-state winds. 
Wind tunnel testing is often time consuming and expensive, which can usually 
only be economically justified for large buildings, important buildings, or mass-
produced low-rise buildings. Whilst the wind tunnel testing will produce accurate 
results, the cost and process of constructing a scale model generally result in the 
wind tunnel test being undertaken once the architect has finalised the building 
shape. Recent advances in numerical techniques and computer hardware/software 
have increased designers’ ability to analyse and simulate wind-related processes. 
Computational fluid dynamics (CFD) technique complements experimental and 
analytical approaches by providing an alternative cost-effective means of 
simulating real fluid flows. Particularly, CFD substantially reduces the lead time 
and costs in design and production compared to experimental-based approach and 
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offers the ability to solve a range of complicated flow problems where the 
analytical approach is lacking (Tu, et al., 2008). In civil and environmental 
engineering, CFD is gradually gaining ground in its use for predicting wind loads 
and other wind-induced responses of buildings and other structures. Optimization 
of building structures considering wind loads can be carried out by coupling the 
CFD simulation with structural optimization techniques. 
1.3 Scope and aims of the thesis 
The research of this thesis is concerned with the design of efficient load-carrying 
structural systems in several areas of civil engineering, including form-finding of 
complex structures, crack repair and building design considering wind loads. This 
research work is focused on practical applications of structural optimization 
techniques. A large number of numerical experiments will be carried out on 
various type of structures. 
The aims of research are giver below. 
• Extend the original ESO method to the design and optimization of tension- or 
compression-dominant structures. 
• Find the forms of Gaudí’s funicular model by using a digital method, i.e. the 
ESO method with compression criterion. 
• Expand the opportunity of transdisciplinary cooperation between civil 
engineers and architects in reverse engineering of real structures. 
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• Revise the BESO method for optimum patch design to extend the life of 
cracked structures. 
• Investigate structural optimization of high-rise buildings considering wind 
loads. 
1.4 Outline of the thesis 
The thesis consists of eight chapters. The first two chapters are for introduction 
and literature review, respectively. The last chapter is for the overall summary and 
further research recommendations. The main body from Chapters 3 to 7 deals 
with three topics: Chapter 3 for optimization of tension- or compression-dominant 
structures, Chapter 4 for optimum patch repair of structures with cracks, and 
Chapters 5-7 for optimization of buildings considering wind loads. An outline is 
given as follows. 
Chapter 1 introduces the general background of topological optimization and 
problems to be resolved in this thesis. The aims and significance are stated. 
Chapter 2 presents a comprehensive review of the research fields that the present 
thesis tries to expand. A basic view of topology optimization is given including 
the evolutionary structural optimization (ESO) method and the bi-directional 
evolutionary structural optimization (BESO) method which are the main methods 
used for the work carried out in the optimum design of this thesis. Specific 
applications of optimization technique in civil engineering are briefly reviewed, 
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including form-finding of complex compression-dominant structures, patch repair 
of structures with cracks, and structural optimization considering wind loads. 
Chapter 3 extends the original ESO method to tension and compression criteria. 
The original ESO method removes material from a structure based on von Mises 
stress or strain energy of each element. However, for certain construction 
materials, such as concrete and fabric, they are only suitable for sustaining 
compressive or tensile stress. The extended ESO method of this thesis is suitable 
of producing and optimizing tension-dominant or compression-dominant 
structures. Several case studies including the design of Gaudí’s Sagrada Família 
Church façade are presented. 
Chapter 4 presents the topological optimization for patch repair of structures with 
cracks. The fracture risk of a cracked plate is evaluated by the stress intensity 
factor (SIF) at the crack tip, which is numerically simulated using the Quarter-
Point Displacement Technique (QPDT). The most efficient distribution of patch 
material is determined by using a revised BESO method. Based on the 
sensitivities of elements, the topology of the patch material is modified gradually 
by removing less efficient elements while adding material to more efficient 
locations, and finally achieves an optimum. 
Chapter 5 deals with steady state CFD simulations of wind drag on straight and 
twisted buildings. Parametric studies are carried out to optimize the shape of 
polygonal towers and twisted buildings aimed at reducing along-wind drag. 
Chapter 1 Introduction 
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Chapter 6 presents transient CFD simulations of wind loads on straight and 
twisted buildings. Both along-wind loads and cross-wind loads are considered. 
The effect of building twisting on the reduction of the cross-wind fluctuating 
forces is investigated. 
Chapter 7 deals with the topology optimization of buildings with wind loads using 
the ESO method, following the studies of CFD simulations in the previous two 
chapters. A general procedure of optimization is proposed with wind loads being 
obtained from wind tunnel tests, wind codes in design standards, or steady-state or 
transient CFD simulations. 
Chapter 8 draws the conclusions of this thesis. The contribution of the PhD 
candidate’s work during the candidature is highlighted. Recommendations for 
further research on the topics of this thesis are made. 
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This chapter gives an overview of the related researches to this thesis. In the first 
section of this chapter, the theories and approaches of topology optimization of 
continuum structures are introduced and the current state of the developed 
methods is presented. In the second section, an overview is given to the form-
finding for complex structures, especially funicular shapes. The third section 
reviews the relative topics of patch repair for structures with cracks. The fourth 
section introduces the structural design considering wind loads. 
2.1 Topology optimization 
The main task of structural optimization is to find the best possible design of the 
structure with minimum cost or minimum material consumption while satisfying 
the safety and performance requirements. According to the design variables to be 
optimized, the structural optimization in engineering field can be classified into 
three types: 
Size optimization. In this type of optimization problems, the domain of the 
structure is fixed and is not changed during the optimization process. Design 
variables for sizing can be discrete or continuous. Size optimization can usually 
be considered as the implementation of optimization at details design stage. 
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Shape optimization. In shape optimization problems, the domain is not fixed but 
the topology is. Shape optimization is always used in the selection of the optimum 
shape of external boundary surfaces or curves. Examples of this type of problem 
include finding the boundaries of a structure, finding the location of joints of a 
skeletal structure, finding the optimal values for parameters, which define the 
middle surface of a shell structure. This may be seen as the implementation of the 
optimization techniques as the preliminary design stage. 
Topology optimization. Topology optimization is to find the optimal layout of a 
structure within a defined design domain. Different from shape or size 
optimization methods, the initial design domain in topology optimization is a 
grand or universal structure. The only known quantities in the problem are the 
applied loads, the possible support conditions, the volume of the structure to be 
constructed and maybe some additional design restrictions defined by the designer. 
Topology optimization is the most difficult and challenging task among the three 
types of structural optimization problems. 
2.1.1 Theories and approaches of topology optimization 
Topology optimization is roughly divided into two types of problems, i.e. for 
discrete structures (or grid-like structures) and continuum structures respectively 
(Rozvany, 2001). The research work on topology optimization for discrete 
structures has a much longer history than that for continuum structures ever since 
the pioneering work over a century ago by Maxwell (1890) and Michell (1904) 
that concerned the layout optimization theory for thin bar structures such as truss. 
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Therefore it is inherently recognized that layout optimization deals with discrete 
structural optimization and is called truss topology optimization in some 
circumstances. Topology optimization for continuum structures on the other hand, 
considers the structures to have large volume fraction (i.e. material volume) that 
means structural material occupies a large portion of the available space. Rozvany 
et al. (Rozvany, 2001; Rozvany & Zhou, 1991) introduced the term generalized 
shape optimization (GSO) and Haber et al. (1996) introduced the term variable 
topology shape optimization for this type of topology optimization. 
Both of these two types of optimization for discrete structures and continuum 
structures involve the selection of the optimal topology. Therefore very often the 
terms of topology optimization, layout optimization and generalized shape 
optimization are interchangeable in the literature. Although the basic meaning of 
topology optimization implies improving the structural topology, the general 
function is extended to other simultaneous operations of optimization such as 
improving sizes and shapes, see Refs (Bendsøe & Sigmund, 2003; Rozvany, et al., 
1995; Sigmund, 2000). 
• Layout optimization/truss topology optimization 
Layout optimization deals with the simultaneous selection of the optimal topology, 
geometry and cross-sectional dimensions of a structure with low volume fraction. 
The basic principles of layout optimization were first established over one century 
ago (Maxwell, 1890). Michell (1904) developed the basic layout theory for exact 
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analytical minimum-weight designs of trusses subject to stress constraints under a 
single load condition. His research results are usually referred to as ‘Michell type 
structures’ that provide important insights into the optimal layouts. Generally, 
Michell type structures are used by researchers as reference solutions or 
benchmarks for the purpose of evaluating the optimal structure efficiency 
obtained by numerical methods. Michell type structures have been extensively 
explored and extended by later researchers (Cox, 1956; Hemp, 1973; Nagtegaal & 
Prager, 1973; Owen, 1975; Prager, 1978). 
The area of discrete structure optimization has been extensively explored for 
several decades and the optimal layout theory has been developed by Prager, 
Rozvany and Wang (Prager & Rozvany, 1977; Rozvany, 1976; Rozvany & Wang, 
1983; Rozvany, 1984) as a generalization of Michell’s work that addresses the 
layout optimization of grid-like structures. The Prager-Shield theory of optimal 
plastic design (Prager & Shield, 1967) and the structural universe (Rozvany, 1981; 
Rozvany, 1984) were used in this optimal layout theory as the basic concepts. 
Later Rozvany (1989) proposed the optimality criteria method of a continuous 
type (COC) for large system optimization with stress and displacement constraints. 
The COC was then reformulated by Zhou and Rozvany (1992; 1993) to a 
discretized continuum type optimality criteria (DCOC) method using the finite 
element formulation. The COC/DCOC methods were then extended to solving 
natural frequency, local buckling and system stability constraints. With a large 
number of potential members, topology optimization with optimality criteria 
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methods is able to achieve geometrical optimization but not suitable for movable 
nodal points (Rozvany, et al., 1995). 
For a late overview of the layout optimization for discrete structures, several 
publications are referred to such as the review paper by Rozvany et al. (1995), the 
monograph by Bendsøe (1995), the proceedings for World Congress of Structural 
and Multidisciplinary Optimization (Eschenauer & Rozvany, 1995; Gutkowski & 
Mroz, 1997; Herskovits, et al., 2005) and the proceedings of the ASME 
Automation conferences such as (Gilmore, et al., 1993). 
• Topology optimization of continuum structures 
The generalized shape optimization (GSO) selects the best configurations 
involving topologies and geometries for the design of continuum structures. GSO 
allows for not only hole-generation in the interior of the design domain but also 
geometry- and size-changing. In this sense, the term ‘generalized shape 
optimization’ is more appropriate for this purpose than the term ‘topology 
optimization’. However in order to comply with usual terminologies in this area, 
the term ‘topology optimization of continuum structures’ or ‘continuum topology 
optimization’ is used hereafter.  
Two classes of approaches can be identified for continuum topology optimization 
(Eschenauer & Olhoff, 2001), namely the macrostructure (geometry) approaches 
and the microstructure approaches, based on the material assumed in the finite 
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elements. The essential difference between these two classes is that the 
macrostructure approaches use solid isotropic materials while microstructure 
approaches use porous and microstructural materials. According to Eschenauer 
and Olhoff (2001), the macrostructure (geometry) approaches must change the 
finite element mesh due to the changing of the structure boundaries. 
Distinguishing of approaches in this way is rather rough, since some geometry 
approaches have fixed grids in finite element mesh such as the evolutionary 
structural optimization (ESO) (Xie & Steven, 1993; Xie & Steven, 1997) and bi-
directional evolutionary structural optimization (Querin, et al., 1998; Yang, et al., 
1999) which will be detailed later. 
• Macrostructure approaches for continuum topology optimization 
Rossow and Taylor (1973) proposed a variable thickness sheet model using the 
finite element method for topology and shape optimization. The design domain is 
assumed as a plate with the thickness being the design variable. By assigning the 
minimum allowable thickness to close to zero, the change of topology and shape 
is realized. 
Oda and Yamazaki (1977; 1979) proposed a geometric approach to a two-
dimensional shape optimization using finite element analysis (FEA) without 
formal mathematical optimization algorithm. The shape is modified based on the 
stress status from finite element analysis and a loop is executed for FEA and 
shape changing. 
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The SHAPE method was developed by Atrek (1989; 1993) based on the Lagrange 
multiplier method. SHAPE is similar to Rossow and Taylor’s variable thickness 
sheet method (Rossow & Taylor, 1973). In SHAPE, the element volume is 
regarded as the design variable which is either 1 or 0. Setting the element volume 
as zero means a completely removal of the element. The program based on this 
method was developed for topology and shape optimization with stress, 
displacement and stiffness constraints under multiple loading conditions, but only 
the most critical constraint imposed on the structure is considered. 
Mattheck and Burkhardt (1990) proposed a computer aided optimization (CAO) 
method based on biological growth. The CAO seeks the optimal structure shape 
based on the fully stressed design and the ideas of the variable thickness sheet 
model (Rossow & Taylor, 1973) but the Young’s modulus is treated as the design 
variable instead of the thickness. In this way CAO drives the structure towards 
optima with a constant von Mises stress at the surface (Mattheck, 1998). CAO 
was combined with the soft kill option (SKO) method (Baumgartner, et al., 1992) 
for removing under-stressed elements from the structure. The combination of 
CAO and SKO has limitation in finding optima since it involves no objective 
function and stress constraints in the optimization process. Therefore the 
optimality of weight design is not guaranteed. 
The bubble-method (Eschenauer, et al., 1994) follows the basic idea of iteratively 
positioning new holes (so-called bubbles) into the structure domain to create new 
topologies. In this method, the boundaries of the structure are regarded as design 
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parameters and the shape optimization of new inserted holes is performed as a 
parameter optimization by means of the optimization procedure SAPOP 
(structural analysis program and optimization procedure) (Eschenauer, et al., 
1993) . 
Xie and Steven (1992; 1993) proposed the evolutionary structural optimization 
(ESO) method for topology optimization towards the fully stressed design by 
gradually removing elements. The bi-directional evolutionary structural 
optimization (BESO) (Querin, et al., 1998; Yang, et al., 1999) were later proposed 
to improve ESO by introducing element addition. ESO and BESO have been 
continuously developed in last two decades and remain macrostructure 
approaches. Recently BESO methods using microstructural material have been 
proposed (Huang & Xie, 2009; Zhu, et al., 2007) and thus became a 
microstructure approach. More details of ESO and BESO will be addressed later 
since they are the main methods of optimization used in this thesis. 
• Microstructure approaches for continuum topology optimization 
The microstructure approaches for continuum topology optimization are based on 
the ability of modelling porous materials with microstructures. The basic idea is 
that through the homogenization theory (Babuska, 1976; Babuska, 1976; Babuska, 
1977) or material models, the effective material properties in each element are 
computed from certain parameters such as the density and the microstructure 
orientation which are taken as design variables. 
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By using the homogenization theory and various types of microstructures (e.g. a 
square cell with a square hole), a rank one or rank two layered material is replaced 
by isotropic material with equivalent effective material properties. The 
homogenization method is a term specifically for the approaches using 
homogenization theory to topology optimization (Rozvany, et al., 1995) and has 
been continuously developed since its first numerical implementation presented 
by Bendsøe and Kikuchi (1988). Various topology optimization problems using 
the homogenization method have been addressed, for example, design of 
compliant mechanism (Ananthasuresh, et al., 1994; Saxena & Ananthasuresh, 
1998), dynamics problems such as Eigen value problems (Ma, et al., 1995), 
harmonic response (Ma, et al., 1993) and transient response (Min, et al., 1999). 
In the homogenization method, continuous density is assumed in each element 
which brings the fact of the existence of three phases of material in the structure: 
solid, void and porous (intermediate). The intermediate materials are not expected 
for practice in the structure and thus they should be eliminated from the optimum 
design. Various methods (or microstructure models) for producing a well-posed 
solid-void design were then introduced. Optimal microstructures with 
penalization (OMP) (Allaire, 1997) is a method proposed to penalize the 
intermediate densities. The solution is optimized using an optimal microstructure 
for each finite element depending on the type of design constraints and objective 
function. However the optimal microstructures fail to provide enough penalization 
for a 0-1 (void-solid) design. Therefore additional penalization is usually 
introduced. The Non-optimal microstructures or near optimal microstructures 
(NOM) method (Bendsøe & Kikuchi, 1988; Diaz & Bendsøe, 1992) does not need 
Chapter 2 Literature review 
 20 
a penalty on the intermediate densities.  This method numerically evaluates 
anisotropic hole-in-cell microstructures that consist of an isotropic material with 
rectangular holes. This microstructure provides a certain degree of ‘fixed’ 
penalization which is often not adequate for a 0-1 design. However, the NOM 
method needs less free parameters than the OMP method and thus more 
computation efficient to some extend. 
The homogenization of microstructures makes the topology optimization problem 
complicated to some extent, since usually in each finite element several free 
parameters are needed for determining the effective material properties, and these 
parameters are regarded as design variables. As a result, the scale of problem is 
enlarged. Therefore a method of determining the effective material properties 
using only the density was proposed by Bendsøe (1989), and later based on this 
method the term solid isotropic microstructures with penalization (SIMP) was 
proposed by Rozvany et al. (1992). The SIMP material model used to be called 
the artificial material as it was proposed without correspondence to any existing 
composite material. The SIMP method needs no homogenization of 
microstructures but describes the relation between the material Young’s modulus 
and the relative density (continuously varying from 0 to 1) through a power law. 
Later Rietz (2001) showed that the SIMP method is able to produce zero-one 
designs under conditions.  
Due to its simplicity and computational efficiency, the SIMP method has been 
widely accepted by researchers in the area of structural topology optimization and 
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used for different problems such as vibrating continua (Du & Olhoff, 2007; 
Pedersen, 2000), reliability-based problems (Kharmanda & Olhoff, 2004), 
optimization for shells and elastoplastic structures (Maute & Ramm, 1997; Maute, 
et al., 1998). Details of the SIMP method is referred to the book by Bendsøe and 
Sigmund (2003). As a material model for fulfilling the task of topology 
optimization, SIMP is usually combined with the method of moving asymptotes 
(MMA) (Svanberg, 1987) or the optimality criteria method (Prager & Shield, 
1967; Zhou & Rozvany, 1991; Zhou & Rozvany, 1992). Beside the power law 
SIMP material model, Stolpe and Svanberg (2001) proposed an alternative 
material model to increase the probability for obtaining a 0-1 solution, Huang et al. 
(2009) recently proposed a modified SIMP material model to avoid the localized 
modes in vibrating continua. 
Wang et al. (2003) proposed a level set approach to structural topology 
optimization based on level set models developed by Sethian and Wiegmann 
(2000). In this method, the structure under optimization is implicitly represented 
by a moving boundary embedded in a scalar function (the level set function) of a 
higher dimensionality. While the shape and topology of the structure may undergo 
major changes, the level set function remains to be simple in its topology. 
Therefore, by a direct and efficient computation in the embedding space, the 
movement of the design boundaries under a relevant speed function can be 
tracked to capture changes in the shape and topology of the structure. Such level 
set models are flexible in handling complex topological changes and are concise 
in describing the boundary shape of the structure. The level set models may also 
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be referred to as implicit moving boundary (IMB) models and they can easily 
represent complex boundaries that can form holes, split into multiple pieces, or 
merge with others to form a single one. Based on the concept of propagation of 
the level set surface, the design changes are carried out as a mathematical 
programming for the problem of optimization. 
The continuum topology optimization is widely recognized as ill-posed and lacks 
solutions for a definite 0-1 design without restrictions. The ill-posedness results in 
the numerical instabilities (Bendsøe & Sigmund, 2003; Jog & Haber, 1996; 
Sigmund & Peterson, 1998) appearing as the mesh-dependence of the final 
solution and the checkerboard pattern in obtained topologies. Several methods 
have been applied to combine with SIMP to assure existence of solutions, such as 
the perimeter control (Haber, et al., 1996), gradient constraint (Petersson & 
Sigmund, 1998), blurring filters (Bourdin, 2001). Sigmund (2007) proposed 
morphology-based restriction schemes as density filters that filter the physical 
stiffness of an element based on its neighbouring elements. Besides, Huang and 
Xie (2007) proposed an alternative two-phase filter scheme to convert element 
sensitivities into nodes and then reversely in BESO. 
2.1.2 Evolutionary structural optimization 
The term evolutionary structural optimization (ESO) was first introduced by Xie 
and Steven (1993). As the word ‘evolutionary’ may be misleading to genetic 
algorithms (GAs), Rozvany and Querin (2002; 2002) proposed the term 
sequential element rejections and admissions (SERA) as a replacement. However, 
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the names “ESO/BESO” have been widely accepted and their popularity makes 
the decision for the consistent terminology in this thesis. 
• ESO with stress criteria for element removal 
The ESO method is based on the simple concept that by systematically removing 
inefficient materials from the structure, the residual shape evolves toward an 
optimum (Xie & Steven, 1993). The original version of ESO used the stress as the 
element removing criterion. With this stress design criterion, the procedure 
includes inner and outer loops. In the inner loop, a threshold of element stress (e.g. 
von Mises stress) is defined as the rejection ratio (RR) times the maximum stress. 
If one element has the stress lower than the threshold, i.e. ie RRmaxσσ ≤  (i denotes 
the iteration step), the element is removed from the structure in this iteration. This 
procedure repeats until no further elements can be removed. Then in the outer 
loop the rejection ratio will be increased with a parameter called the evolutionary 
ratio: RRi+1=RRi+ER. Through this loop action, the stress distribution in the 
structure will become quasi-uniform and a fully-stressed design is expected. There 
are some variants of the stress-based ESO approach. The nibbling ESO allows 
only elements from the structural boundary to be removed. Obviously the nibbling 
ESO is actually a method of shape optimization. Thermal stress optimization was 
developed to obtain the fully stressed design under thermal loading conditions (Li, 
et al., 1997). Elastic contact problem is solved by Li et al. (1998) where the 
contact profile of several separate bodies is optimized to reduce the maximum 
contact stress. ESO with strain energy density as the evolution criterion (Querin, 
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et al., 1996) was applied to nonlinear problems where material and geometric 
nonlinearities are considered. 
• ESO with sensitivity number for element removal 
Another class of ESO method performs the structural evolution based on the 
sensitivity number instead of the stress criteria. In other words, the element 
removal is based on the value of the element sensitivity which is defined as the 
change in the objective function or constraint as the result of element removal. 
The calculation of sensitivity number is based on the information obtained from 
finite element analysis. Elements with lowest sensitivity number are removed to 
drive the structure towards optima for problems such as stiffness optimization. 
The significance of this extended ESO method is that it can be applied to various 
problems in case the sensitivity number for the specific objective 
function/constraint can be derived. Chu et al. (1996) solved the stiffness and 
displacement design problem, Xie and Steven (1996) proposed the ESO method 
for natural frequency optimization, Rong et al. (2000) applied the ESO method for 
topology optimization with dynamic response constraints, Manicharajah and Xie 
(1998) considered plate buckling resistance.  
• Bi-directional evolutionary structural optimization (BESO) 
The ESO method is limited by only removing elements from the structure. 
Prematurely removed elements can not be recovered. Hence, the amount of 
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removing material should be very small otherwise a worse design might be 
arrived. An improved version of ESO, termed as the bi-directional ESO (BESO) 
was later developed (Querin, et al., 1998; Yang, et al., 1999) in order to allow 
elements to be readmitted to the structure. In this method, inefficient elements are 
removed from the structure and simultaneously material is added to the most 
demanding places of the structure. Take the fully stressed design with von Mises 
stress criterion for example, the elements with lowest von Mises stresses will be 
removed and new elements will be added around the area with the highest von 
Mises stresses. Compared with ESO, the improvement of BESO is significant, as 
material can be treated in both directions (added or removed) and prematurely 
removed elements are now possible to be recovered. 
However, according to Zhou and Rozvany’s examination (Zhou & Rozvany, 
2001), both ESO and BESO are not able to always guarantee an optimal design, 
and the ESO method may result in highly non-optimal. Rozvany and Querin 
(2002) attempted to propose some suggestions to overcome the shortcomings of 
ESO/BESO.  
• BESO with microstructure materials 
The earlier versions of ESO/BESO are not able to guarantee a final optima 
according to Rozvany’s criticism (Rozvany, 2001; Rozvany, 2008); one of the 
reasons is that the estimation of the sensitivity number for void element is 
inaccurate because of their absence in FEA. 
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Recent developments of BESO includes the work of Zhu et al. (2007) where an 
element replaceable method is proposed for better representing the element status. 
In this method, void elements are replaced by microstructure with low density and 
element removal means replacing solid elements with the soft material instead of 
a complete elimination from the structure domain. This version of BESO actually 
becomes a microstructure approach as it uses porous microstructural material 
instead of pure isotropic solid material. However it is still unlikely to ensure final 
optima as the evolution procedure is not able to converge. 
Huang and Xie (2007) proposed a new version of BESO that is able to produce 
convergent solution. Most recently, Huang and Xie (2009) proposed a more 
improved BESO with the SIMP material model. In this method, the element 
microstructure’s effective properties are determined according to the power-law 
material scheme (Bendsøe, 1989; Rozvany, et al., 1992). The optimality criterion 
for stiffness optimization is applied. Inefficient elements are not removed but 
replaced by soft material. By setting the material penalty exponent p to infinity (or 
great enough), the soft-kill method is proven equivalent to hard-kill (complete 
removal). Their previous hard-kill method (Huang & Xie, 2007) is justified from a 
soft-kill formulation.  
2.2 Form-finding of complex funicular structures 
Form-finding of complex funicular structures has been the interests of architects 
for a long time, as it is believed that such kind of forms is structure-efficient and 
appearance-attractive. 
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A paragraph from Shodek (1992) describes the concept of funicular structural 
system. 
“A cable subjected to external loads will obviously deform in a way dependent on 
the magnitude and location of the external forces. The form acquired is often 
called the funicular shape of the cable (the term funicular is derived from the 
Latin word for ‘rope’). Only tension forces will be developed in the cable. 
Inverting the structural form obtained will yield a new structure that is exactly 
analogous to the cable structure except that compression rather than tension 
forces are developed. Theoretically, the shape found could be constructed of 
simply stacked elements that are non rigidly connected (a ‘compression chain’) 
and the resultant structure would be stable.” 
The renowned Spanish architect Gaudí’s use of funicular structural systems 
(hanging models) to develop his architectural designs is well known (Collin & 
Bassegoda, 1983; Martinell et al., 1975). The original poly-funicular model for 
the resolution of the design for the Colonia Güell church has been reconstructed 
and is now displayed at the museum in the crypt of the Sagrada Família church.  
There is a long history of the study of hanging structures to find the ideal form for 
arches in compression in construction. Hook hints at the answer to his 1670 
question to the Royal Society: how to find the form of a stable arch and the forces 
exerted on the abutments; in a paper on watches in 1676 where he notes that the 
same way that a flexible thread hangs, but inverted, sustains a rigid arch (Hooke, 
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1676).  The use of the term ‘catenary’ for the curve assumed by a hanging chain 
(uniformly distributed gravity load) is first attributed to Huygens in 1690  but 
already in 1669 Jungius had disproved Galileo’s claim that the curve of a chain 
hanging under gravity would be a parabola. The catenary is in fact a hyperbolic 
cosine curve, the curve traced out by the focus of a parabola as you roll the 
parabola along a straight line.   During the nineteenth century graphical methods 
for determining structures were developed abstracting the polygons of lines of 
forces based on the knowledge from funicular models and after 1870 this was the 
most widely adopted approach to structural calculation and the principal method 
that would have been introduced to Gaudí through his architectural structures 
education in the 1870s. He took up the idea of funicular modelling and, probably 
for the first time, extended the approach beyond verifying or achieving the 
structural stability of a particular design. He adopted the poly-funicular model as a 
means to design from the start with infinitely variable equilibrated structures.  The 
equivalent process in contemporary practice is often referred to as generative 
form-finding (Shea, 2003). 
Numerical methods of form-finding have relatively few publications that look at 
the problem of structures with different material properties in tension and 
compression. Guan et al. (2003) suggested a principal stress based ESO method 
for tension- or compression-dominant designs in order to make the best utilization 
of the available materials. The methods were applied to various types of bridges 
design effectively. However, due to the intuitive nature of the optimization criteria, 
the method has been found to be inadequate for some cases. For example, 
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according to this paper, if a tension-dominant structure is to be designed, the 
compression-oriented elements (whose 22 0.0σ ≤  and 22 11σ σ≫ , 11σ  and 22σ  
are maximum and minimum principal stresses of an element) should be removed. 
An obvious exception of this criterion is that a pure compressive element whose 
11 22 0.0σ σ= ≤ does not satisfy the rule and thus can not be removed. In fact, such 
kind of elements can be highly stressed in compression and should be removed in 
first priority. This method was further modified by the author (Tang et al., 2004) 
using a criterion of the maximum principal stress or the sum of principal stresses. 
A similar method was taken by Alfieri et al. (2007) who used the concept of 
tension and compression dominated material, where each individual element was 
considered to be dominated in tension or compression depending on the maximum 
magnitude of the principal stress of that element. 
2.3 Patch repair for structures with cracks 
Cracks represent a frequent occurrence in many aged civil infrastructure such as 
buildings and bridges. A crack may propagate due to stress concentration at the 
crack tip, and eventually cause a fracture of the structural component.  
For a cracked plate its behaviour of fracture is evaluated with its stress intensity 
factor (SIF) at the crack tip. Due to singularity at the crack tip, it is difficult to 
accurately determine SIF. There are three dominant groups of methods for 
determining stress intensity factors. They involve experimental, analytical and 
numerical methods. Experimental methods such as the photoelasticity technique 
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tend to be expensive and time consuming, and often require further numerical 
analysis to interpret experimental observations. Fully analytical methods can only 
solve very simple problems, and a closed form solution does not exist to calculate 
crack tip SIF of patch repaired plates. Various numerical techniques are widely 
used to evaluate the stress intensity factor of complicate fracture problems. Most 
of the numerical techniques are based on either Finite Element Analysis (FEA) or 
Boundary Element Method (BEM). Basically, they include two groups of 
estimation methods, which are energy release methods such as the J-contour 
integration method (Courtin, et al., 2005) and field matching methods (Itoh, et al., 
1986; Lim, et al., 1992). Quarter Point Elements (QPE) are widely used for the 
SIF evaluation of displacement field matching methods (Fehl & Truman, 1999; 
Guinea, et al., 2000; Itoh, et al., 1986; Lim, et al., 1993; Zhu & Smith, 1995). The 
use of QPE is aimed to resolve the singularity problem at the crack tip. 
Patch repairs are economic and easy to apply without destroying the existing 
structure. (Liu, et al., 1997) reinforced an isotropic cracked plate with orthotropic 
patch and calculated the SIF by the finite element method. (Ayatollahi & Hashemi, 
2007) computed the stress intensity factors of Mode I and Mode II for cracks 
reinforced by composite patching. (Ergun, et al., 2008) determined SIF for 
patched crack in aluminium plates by the combined finite element and genetic 
algorithm approach. (Madani, et al., 2008) investigated the numerical behaviour 
of centrally cracked aluminium panels repaired with single and double sided 
composite graphite/epoxy patches and subjected to uni-axial loading. 
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It has been shown that the bonded patch offers many advantages over a 
mechanically fastened doubler which include improved fatigue life, reduced 
corrosion and in situ applications. However, a badly implemented repair can be 
more dangerous than the unrepaired configuration (Mahadesh Kumar & Hakeem, 
2000). To find out the most efficient distribution of patch material, various 
optimization methods have been applied. Yala & Megueni (2009) optimized the 
shape of composite patches with the design of experiments method. Brighenti, et 
al. (2004, 2005, 2006, 2007) performed a series of research on the optimum shape 
of patch repair for cracked members using a genetic algorithm to improve fracture 
and fatigue life of structural components. Mathias et al. (2006) also applied 
genetic algorithms to the optimization of a composite patch bonded on a metallic 
structure to reduce the stress level in a given area under some constraints such as a 
maximum surface of the patch and some forbidden zones which cannot be 
covered by the patch. Peng & Jones (2008) presented an innovative approach to 
shape optimization of three-dimensional damage tolerant structures for residual 
static strength based on biological algorithm. 
2.4 Wind loading on buildings 
Any structure which is built upon the earth’s surface must be capable of 
withstanding the loads imposed on it by the weather. The wind, in particular, 
constitutes on of the major forms of structural loading and even moderate winds 
are capable of imposing high forces on structures. As a result, most building codes 
of practice incorporate fairly lengthy sections devoted specifically to those aspects 
of the design and construction of buildings which are concerned with the 
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resistance of wind load. The loads imposed on structures by the wind usually act 
horizontally and they cannot normally be resisted by the main structural system, 
which is designed to carry the vertically downwards acting gravitational loads. 
Two distinct structural systems are therefore required in a building to ensure 
stability, one to resist vertical loads and one to resist horizontal loads due to wind. 
They may both be present in one component, as is, for instance, the case with a 
masonry pier which is stable both horizontally and vertically, or they may be 
separate as in a lattice tower in which the columns resist primarily the 
gravitational loads while the diagonal members provide stability against lateral 
loads (Macdonald, 1975). 
As buildings rise higher they attract more wind loads. Evaluation of wind drag of 
tall buildings has been a fundamental research area of wind engineering. However, 
accurate information of wind loads on buildings is known only for a small number 
of specific structural geometries, and most of this information has been obtained 
from analytical fluid dynamics and wind tunnel testing on small-scale models that 
simulates ideal steady-state winds. Australian/New Zealand Standards (AS/NZS 
1170.2:2002) set out procedures for determining wind speeds and resulting wind 
actions to be used in the structural design, covering buildings less than 200m high 
and structures with roof spans less than 100m. Wind tunnel testing is often time 
consuming and expensive, which can usually only be economically justified for 
large buildings, important buildings, or mass-produced low-rise buildings. Whilst 
the wind tunnel testing will produce accurate results, the cost and process of 
constructing a scale model generally result in the wind tunnel test being 
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undertaken once the architect has finalised the building shape. Recent advances in 
numerical techniques and computer hardware/software have increased designers’ 
ability to analyse and simulate wind-related processes. Computational fluid 
dynamics (CFD) technique complements experimental and analytical approaches 
by providing an alternative cost-effective means of simulating real fluid flows. 
Particularly, CFD substantially reduces the lead time and costs in design and 
production compared to experimental-based approach and offers the ability to 
solve a range of complicated flow problems where the analytical approach is 
lacking (Tu, et al., 2008). In civil and environmental engineering, CFD is 
gradually gaining ground in its use for predicting wind loads and other wind-
induced responses of buildings and other structures. 
Wind loading on buildings has been widely investigated by researchers using 
CFD simulations. Many buildings are featured with a simple floor plan of an n-
sided polygon or a circle. Some of the drag coefficients of such simple geometries 
can be found in various codes and documents (Macdonald, 1975; Simiu & 
Scanlan, 1996). However, not all of them are covered by existing codes. The wind 
drag forces of polygonal geometries were studied with both wind tunnel tests 
(Szalay, 1989) and numerical simulations (Jang & Chien, 2009). Most of these 
results agree well with design codes where possible. 
The Commonwealth Advisory Aeronautical Council (CAARC) standard building 
has been a benchmark of research and attracted many investigations.  Melbourne 
(1980) compared measurements of surface pressures and response on the CAARC 
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standard tall building model. Goliger & Milford (1988) investigated the sensitivity 
of the CAARC standard building model to geometric scale and turbulence. Huang, 
et al. (2007) made a comprehensive numerical study of wind effects on CAARC 
standard building. Braun & Awruch (2009) carried out aerodynamic and 
aeroelastic analyses numerically in order to demonstrate the applicability of CFD 
techniques in the field of wind engineering. Numerical results obtained in this 
work were compared with other numerical and wind tunnel measurements.  
Generally, well-curved bodies attract less wind drag, such as the cases of a square 
with rounded corners, a bullet and an airfoil. Twisting is another way to curve and 
smooth the surface of a body. Felicetti and Xie attempted their studies on twisted 
building using CFD several years ago. They assumed that twisted buildings may 
attract less wind loads, following an observation that part of the wind flows being 
directed along the twisted spiral surfaces (Felicetti & Xie, 2007). In fact, the 
biggest benefit of building twisting is a significant reduction of cross-wind loads. 
Liu et al. (2009) studied on vortex-induced vibration of supertall buildings in 
across-wind. 
Comparatively few publications have been produced on the topology and shape 
optimum design of buildings considering wind loads.  Thornton et al. (1990) 
studied optimization of high-rise and slender building for wind loading by 
optimizing and completely designing truss structures such as braced cores.  
Zakhama, et al. (2007, 2010) investigated the topology optimization of two and 
three dimensional structures subject to dead and wind loading. The wind loading 
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was introduced into the formulation by using standard expressions for the drag 
force, and a strategy was devised so that wind pressure is ignored where there is 
no surface obstruction the wind. A minimum compliance design formulation was 
constructed subject to a volume constraint using the SIMP model. The 
optimization problem was solved using the method of moving asymptotes. 
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Chapter 3 
Evolutionary structural optimization for tension 
or compression dominant structures 
3.1 Introduction 
The original ESO method removes material from a structure based on von Mises 
stress or strain energy of each element. For certain construction materials, such as 
concrete and fabric, they are only suitable for sustaining compressive or tensile 
stress. In this chapter the original von Mises stress criterion of ESO is extended to 
tension-dominant and compression-dominant criteria. Several case studies on 
practical applications of ESO methods in civil engineering are presented. The 
examples include columns of underground car park, form finding for complex 
structures, and design of Sagrada Família Church façade. 
3.2 ESO method for tension- or compression-dominant 
structures 
3.2.1 Tension-dominant and compression-dominant criteria of ESO 
Guan et al. (2003) suggested a principal stress based ESO method for tension- or 
compression-dominant designs in order to make the best utilization of the 
available materials. The methods were applied to various types of bridges design 
effectively. However, due to the intuitive nature of the optimization criteria, the 
method has been found to be inadequate for some cases. For example, according 
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to that paper, if a tension-dominant structure is to be designed, the compression-
oriented elements (whose 22 0.0σ ≤  and 22 11σ σ≫ , 11σ  and 22σ  are maximum 
and minimum principal stresses of an element) should be removed. An obvious 
exception of this criterion is that a pure compressive element whose 
11 22 0.0σ σ= ≤ does not satisfy the rule and thus can not be removed. In fact, such 
kind of elements can be highly stressed in compression and should be removed in 
first priority.
 
New criteria are proposed in this chapter for the design of tension-dominant and 
compression-dominant structures. They are still intuitive methods based on 
element principal stresses, but the concept is simpler and the procedure appears 
more effective. 
The detailed process of the conventional stress-based ESO method is summarized 
as follows:  
(1) Execute finite element analysis and output element stresses; 
(2) Sort all elements in design domain by their element stresses eσ in 
descending order. Then the maximum stress is  
 max (1)eσ σ=  (3.1) 
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(3) Find the first threshold stress 1thσ  according to volume removal rate VR. If 
(1 )n NE VR≈ ⋅ − , then element n is the threshold element from the total 
number of elements NE according to VR, and  
 
1 ( )eth nσ σ=  (3.2) 
(4) Find the second threshold stress 2thσ  according to rejection ratio RR. 
 
2
maxth RRσ σ= ⋅  (3.3) 
(5) The actual threshold stress that satisfies both RR and VR is the smaller one: 
 
1 2min( , )th th thσ σ σ=  (3.4) 
(6) Remove elements from the design domain if e thσ σ< ; 
(7) Repeat steps (1)-(6) until the maximum iteration number is reached, or a 
given percent of volume has been removed from the ground structure. 
In the original ESO method von Mises stress of an element is taken as the element 
stress, i.e.  




VMσ σ=  (3.5) 
To achieve an optimal tension-dominant structure, elements with high 
compressive stresses are improper for the design condition, and therefore should 
be first removed. The elements under tension condition but at low stress levels are 
considered as inefficient, and should be gradually deleted as well. From this 
simple idea of keeping tension elements, the sum of principal stresses is taken as 
the design criterion for tension-dominant structures. 
Tension criterion: 
 11 22 33
eσ σ σ σ= + +  (3.6) 
By substituting equation (3.5) with equation (3.6) the same ESO process above 
can be applied to tension-dominant design. 
Similar approach can be adopted for the compression problem. To achieve an 
optimal compression-dominant structure, elements with high tensile stresses are 
improper for the design condition, and therefore should be first removed. The 
elements under compression condition but at low stress levels are considered as 
inefficient, and should be gradually deleted as well. From this simple idea of 
keeping compression elements, the negative sum of principal stresses is taken as 
the design criterion for compressive structures.  
Chapter 3 ESO for tension or compression dominant structures 
 51 
Compression criterion: 
 11 22 33
eσ σ σ σ= − − −  (3.7) 
By substituting equation (3.5) with equation (3.7) the same ESO process can be 
applied to compression-dominant design. 
3.2.2 Example of tension-dominant criterion 
A structure with self weight is hanging from two simple supports, as shown in 
Figure 3.1.  
 
Figure 3.1 Initial structure hanging from two simple supports under self weight. 
Using the tension criterion the compression elements in the middle top area are 
first removed, and then the inefficient low-stressed elements are also removed. 
The structure evolves gradually towards a catenary (Figure 3.2). Not only does the 
final design fit a theoretical catenary curve well, the size of every part of the 
structure has also been determined to achieve a fully stressed design. This is an 
G 
Chapter 3 ESO for tension or compression dominant structures 
 52 
example of hanging chain or hanging rope in nature. With the help of the 
modified ESO method the funicular structure can be obtained easily. 
         
         
Figure 3.2 ESO solutions of a catenary-type tension-dominant structure. 
It should be noted that for some cases during the early stage of optimization some 
elements are tension-dominant in one principal direction but compression-
dominant in the other principal direction. These elements could be considered as 
low-level stressed elements and are removed by mistake. Using the maximum 
principal stress as an alternative tension criterion could normally solve the 
problem, while a better solution is to apply BESO allowing wrongly removed 
elements to be restored later. 
3.2.3 Example of compression-dominant criterion 
A concrete block with self weight is supported by nine points on its bottom face – 
4 corner points, 4 mid-side points and the central point of face (Figure 3.3). Its 
four side faces are defined as symmetric. Using the compression criterion the ESO 
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solutions are shown in Figure 3.4. The block evolves gradually towards a structure 
similar to the configuration of an underground car park (Figure 3.5). 
 




Figure 3.4 ESO solutions of a compression-dominant structure with self weight. Views 
from the bottom. 
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Figure 3.5 A photo of columns in an underground car park at the University of Melbourne. 
3.2.4 Examples of 2D columns with uniformly distributed compression load 
Structural optimization of columns on a horizontal surface is first performed using 
a two-dimensional model shown in Figure 3.6. A uniformly distributed vertical 
load is applied to the top surface. Nodal displacement constraints are applied to 
the bottom surface. To preserve the loading and support conditions, a thin layer of 
non-design domain is specified at the top surface and another at the bottom 
surface. In order to produce three columns, slots are intentionally applied to the 
initial model and the so-called ‘nibbling’ method is introduced, as explained 
below. 
‘Nibbling’ is actually a structural shape optimization method, in which only 
elements on free edges are allowed to be removed. This method is similar to a 
worm’s nibbling of a leaf. 
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Figure 3.6 Initial model for structural optimization of columns on a horizontal surface. 
The process of column optimization can be seen in Figure 3.7. Three columns 
have gradually emerged at the expected location. The stress contour in Figure 3.8 
displays that the stress distribution of the ESO solution is more uniform than that 
of the initial design. 
Next, structural optimization of columns on a sloping surface is carried out using 
a two-dimensional model shown in Figure 3.9. Again, a uniformly distributed 
vertical load is applied to the top surface, and nodal displacement constraints are 
applied to the bottom surface. Non-design layers are specified at both the top 
surface and the bottom surface. Slots are intentionally applied to the initial model. 
The structure is optimized with ESO compression criterion and nibbling method. 
Figure 3.10 demonstrates the history of optimization and ESO solutions. It is 
shown in Figure 3.11 that the stress distribution of the ESO solution becomes 
more uniform. 
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Figure 3.7 ESO solutions of columns on a horizontal surface. 
 
Figure 3.8 Comparison of stress contour: (a) initial design; (b) optimized design. 
(a) (b) 
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Figure 3.9 Initial model for structural optimization of columns on a horizontal surface. 
Figure 3.12 shows three prototype column models mounted on the upper level of 
the Passion Façade of Sagrada Família church (Burry et al. 2005). These models 
were developed from a study of Gaudí’s original drawing and use of intersecting 
ruled surfaces without any input or influence from the ESO research. (Further 
information of Gaudí’s hanging model and funicular structure system will be 
detailed in the next sections.) The resemblance between the ESO solutions and the 
actual columns to be built is amazing. Note that in this case the uniformly 
distributed vertical load applied to the top surface was intended to simulate the 
weight from the gable lintel over the upper level colonnade. The gravity loading 
of the columns themselves was neglected because the large gable lintel on the top 
is much heavier. 
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Figure 3.10 ESO solutions of columns on a sloping surface. 
 
Figure 3.11 Comparison of stress contour: (a) initial design; (b) optimized design. 
(a) (b) 
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Figure 3.12 Prototype column models positioned on Passion Façade (Burry et al. 2005) 
3.2.5 Example of 3D columns with uniformly distributed compression load 
The same ESO procedure is applied to the three-dimensional model shown in 
Figure 3.13. Again, the objective is to find a compression-dominant structure. In 
this example, the top and bottom surfaces are both horizontal. While the bottom 
surface is fixed to the ground, the top surface is subjected to a uniformly 
distributed vertical load. Gravity of the columns is not considered. In order to 
produce two columns with nibbling method, narrow slots are intentionally cut in 
the middle of the initial model.  
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Figure 3.13 Front view and side view of the initial 3D column model. 
The process of column optimization can be seen in Figure 3.14. Four of the ESO 
solutions (a, b, e, f in Figure 3.14) are smoothed and rendered as shown in Figure 
3.15. It can be seen, after a number of iterations the columns branched out at the 
top like trees, much similar to the schema of Gaudí’s design for the central nave 
columns of the Sagrada Família church shown in Figure 3.16 (Burry et al. 2005). 
The topology of the final ESO solution also reminds us of stretching human arms 
with fingers raising an object. 
Further information of Gaudí’s hanging model and funicular structure system will 
be detailed in the next sections. 
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Figure 3.15 Smoothed and rendered ESO solutions. 
 
Figure 3.16 Nave columns of Sagrada Família church with branching elements at the top 
(Burry et al. 2005). 
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3.3 Form finding for complex structures using ESO method 
The examples of the last section have shown that the modified ESO method can 
produce catenaries and other tension-dominant or compression-dominant 
structures effectively. This section investigates the approach of ESO method in 
developing conceptual forms of complex structures in more detail.  The ESO 
method is further compared to the hanging model approach used by the architect 
Antonio Gaudí (1852 – 1926) in the construction of the Sagrada Família Church 
in Barcelona, Spain. 
The renowned architect Antonio Gaudí developed a number of his architectural 
designs through the use of funicular structural systems, known as hanging models. 
From extensive research on the hanging model approach one example is shown in 
Figure 3.17. 
 
Figure 3.17 Reconstruction of Gaudí’s hanging model (Tomlow, 1989). 
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The funicular shape of the ‘cable’ is load dependent. Variations of the shape will 
occur as the cable is loaded with point loads, uniformly distributed loads etc. For 
example, a cable supporting a uniformly distributed load will deform to a catenary 
shape, whilst that supporting point loads only will deform to a series of straight 
line segments. 
There has been considerable debate as to whether Gaudí’s complex forms were 
based on rational structural methods or based on aesthetics. However there is 
evidence that he utilized geometrical methods of resolving forces and 
proportioning the elements of his building designs. Also Gaudí did not take 
horizontal action into account, but designed and built the towers of the Nativity, 
for example, of sections that made equilibrium possible without the need for 
buttresses, regardless of any wind load. 
The examples of the last section have already displayed the powerful ability of the 
ESO method in producing catenary shapes and other tension-dominant or 
compression-dominant structures. Further investigation and study cases in this 
section will demonstrate that ESO is an effective digital procedure that can 
produce novel forms of funicular structures. The original ESO method consisted 
of removing redundant material at each iteration using von Mises stress criterion. 
The modifications are enhancements to the method. As stated in last section, 
instead of von Mises criterion there are now options of optimizing structures such 
that all (or most) remaining elements are in compression or optimizing such that 
all (or most) remaining elements are in tension. 
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Three design models of 3D continua using the compression criterion are presented. 
3.3.1 Design Model 1 
This model features a basic block domain with foundation constraints and point 
loads at tower apex and each shoulder corner. 
The initial model dimensions and loading and constraint conditions are shown in 
Figure 3.18. To demonstrate the technique a model domain is adopted that 
represents a cathedral type building. An accurate representation of Gaudí’s model 
is not necessary. The base building consists of a ‘dome’ sitting atop a large cubic 
block, which in turn is supported by four massive cubic pillars. Support 
foundations are limited to two outer perimeters and a central heel of each pillar. 
The bell tower is represented by a 1000MN point load acting atop the ‘dome’, and 
four ‘pinnacles’ at each corner by 200MN loads. Overall dimensions of the model 
are 60m by 60m at the base and 130m in height.   
Loading to the model consisted of gravity load in the vertical direction and the 
point loads. It is noted that the values of these point loads are excessive, the 
reason being to make the effect of gravity load negligible in this case. Design for 
gravity dominated loading will be considered in Design Model 3. 
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Figure 3.18 Initial building domain and plan of foundation constraints. Shaded region on 
plan represents region of building foundation support. 
Due to the symmetry of this model, only a quarter of the model is considered in 
the finite element analysis and the structural optimization process in order to save 
computing time. Figure 3.19 shows the quarter model meshed with 34,944 regular 
cubic finite elements. 
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Figure 3.19 Two view of the quarter model of the initial design. 
The evolutionary behaviour of this design model is summarized according to the 
ESO solutions (Figures 3.20-23). In order to give complete views of the ESO 
solutions, all the quarter models have been mirrored back to full models. The 
following comments and observations are provided. 
 (1) As the full design domain of the initial building is not constrained by non-
design areas, all elements are free to evolve. 
(2) The point loads provide pre-compression to the zones directly under the 
loads, and therefore due to the high compressive stresses they are the zones least 
affected by the evolution process. 
(3) Similarly to (2) above the foundation zones are subjected to high 
compressive stress and therefore relatively less elements are removed in these 
Chapter 3 ESO for tension or compression dominant structures 
 68 
zones. However it is interesting to note that between the ‘heel’ and perimeter 
footing the resultant structure spans between the two zones through an arch.  
(4) Extending the iteration process to that of Figure 3.21(b) results in a 
structure that is dominated by resolving the forces of the initial point loads to the 
foundations. The base of the resultant structure splays towards the base. 
(5) The resultant tower form is a tower of (almost) uniform compressive stress, 
i.e. a compression-dominant tower. 
  
(a)      (b) 
Figure 3.20 Finite element models of building domain: (a) the initial model; (b) revised 
model after 10 iterations. 
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(a)      (b) 
Figure 3.21 Continuing evolution of form: (a) revised model after 20 iterations; (b) ‘final’ 
optimized form after 33 iterations. 
  
(a)      (b) 
Figure 3.22 Views of optimized structure: (a) view from above; (b) view from below. 
Note in particular arched shaping to accommodate the locations of the support 
foundations. 
Chapter 3 ESO for tension or compression dominant structures 
 70 
 
Figure 3.23 Elevation view of optimized structural form. 
3.3.2 Design Model 2 
 
This model features a basic block domain with foundation constraints, point loads 
at tower apex and each shoulder corner, and non design domains. 
The initial base model is the same as that for Design Model 1. However non-
design area constraints are applied to the outer two faces of each pillar and to the 
base line of the ‘dome’, as shown in Figure 3.24. The non-design areas whilst 
contributing to the overall structural behaviour of the model, cannot have its 
elements removed, and therefore could be subjected to both compression and 
tension stresses. The elements in non-design areas are assigned with special 
property identification numbers so that they can be recognized by the ESO codes. 
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Figure 3.24 Initial building domain and plan of foundation constraints. Shaded region on 
axonometric represents region of non-design. Shaded region on plan represents region of 
building foundation support. 
The results of the ESO process are summarized as follows (Figures 3.25-27). 
(1) As the full design domain of the base building has zones constrained by 
non-design areas, not all elements are free to evolve. Although some of them are 
low stressed or even in tension they are not allowed to be removed freely. This 
results in a different form to that of Design Model 1. In this example the non-
design areas act more as non-structural attachment. But in some cases the 
existence of non-design areas could change the route of structural evolution and 
therefore make a quite different final topology. 
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(2) Similar to Design Model 1, the point loads provided pre-compression to 
the zones directly under the loads, and therefore due to the high compressive 
stresses they are the zones least affected by the evolution process. 
(3) Similarly to Design Model 1, the foundation zones are subjected to high 
compressive stress and therefore relatively fewer elements are removed in these 
zones. However it is interesting to note that between the 'heel' and perimeter 
footing the resultant structure spans between the two zones through an arch.  
(4) The resultant tower form is a tower of (almost) uniform compressive stress, 
except for the non design areas. That is the so-called compression-dominant 
design, compared to an ideal compression-only structure. 
  
(a)      (b) 
Figure 3.25 Finite element models of building domain: (a) the initial model; (b) revised 
model after 10 iterations. 
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(a)      (b) 
Figure 3.26 Continuing evolution of form: (a) revised model after 20 iterations. The non-
design regions can clearly be seen in this iteration; (b) the optimized structural form, with 
non-design structural elements. 
  
(a)      (b) 
Figure 3.27 Views of the optimized structure form: (a) view from above; (b) view from 
below. 
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3.3.3 Design Model 3 
This model features a basic block domain with foundation constraints, but no 
point loads. 
This example is identical to the model in Design Model 1. However, it is only 
subjected to gravity in the vertical direction (Figure 3.28). Note that no point 
loads have been applied to the building domain.  Shaded region on plan represents 
region of building foundation support. 
It demonstrates the ability of ESO method in finding different structural forms to 
suit different loading conditions. The process of ESO solutions is shown in 
Figures 3.29-33. 
 
Figure 3.28 Initial building domain and plan of foundation constraints. Shaded region on 
plan represents region of building foundation support. 
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 \ 
(a)      (b) 
Figure 3.29 Finite element models building domain: (a) the initial model; (b) revised 
model after 10 iterations. 
  
(a)      (b) 
Figure 3.30 Revised models with further evolution of the form. 
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(a)      (b) 
Figure 3.31 Further revised models: (a) revised model after more iterations; (b) ‘final’ 
optimized structural form. 
  
(a)      (b) 
Figure 3.32 Views of optimized structure: (a) view from above; (b) view from below.. 
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Figure 3.33 Elevation view of optimized structure. 
3.3.4 Further comments on the results of the above three examples 
From this study, the following observations and discussions are made: 
(1) The non-design areas in these examples have little impact on the resulting 
form. However it is a useful feature in modelling architectural projects. Clearly a 
model could be created initially that distinguished areas that are fixed from the 
architect’s perspective and those that can be optimized structurally. 
(2) The resultant shape of the optimized structure is clearly load dependant. It 
is therefore important in seeking to analyse model behaviour of projects such as 
Gaudí’s hanging model that the initial design domain and loadings are modelled 
correctly. 
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 (3) Rapid prototyping of the models can be performed easily by sending the 
ESO results to a 3D wax printer. Figure 3.34 shows the wax prototype of the 
optimized structural form of Design Model 1 after six hours of printing. It is noted 
that newer machines nowadays can print such objects in much shorter time. 
 
Figure 3.34 Three-dimensional wax printout of the final result shown in Figure 3.21(b). 
3.4 Reverse engineering of the Sagrada Falimia church Passion 
Façade 
The Passion Façade for Antoni Gaudí’s Sagrada Família church is investigated 
and reverse engineered with ESO method in this section. From a surviving 
photograph of Gaudí’s original drawing for the Passion Façade (Figure 3.35), a 
sketch shown in Figure 3.36 is produced by Felicetti as the starting point for the 
structural optimization process. The corresponding finite element model of the 
initial design shown in Figure 3.37 is then generated by the author. An iterative 
procedure of optimization based on compression criterion has been run by the 
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author to revise the initial model progressively until an output more closely 
resembling the form of Gaudí’s design is achieved; in a sense, the structural 
conditions are reverse engineered to generate particular optimized solutions. 
Subsequently, the process is extended beyond reproducing the conditions to 
produce an optimized solution resembling Gaudí’s design to investigate the 
formal direction a design predicated purely on structural optimization for efficient 
deployment of material might take initially under gravity loading and 
subsequently also with lateral loading.  
 
Figure 3.35 Part of surviving photograph of Gaudí’s original drawing for Passion Façade 
(Burry et al. 2005). 
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Figure 3.36  Sketch of initial design for Passion Façade by Felicetti (Burry et al. 2005). 
 
Figure 3.37 Initial finite element model based on the sketch drawing above.  
The following is a series of trials undertaken by the author to reverse engineer the 
final structural form of the Passion Façade represented by the photograph in 
Figure 3.35. Careful consideration needs to be given to the finite element model 
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of the initial design to ensure that appropriate boundary conditions, constraints 
and loads are accurately applied. The series of examples below are results of 
various trials in adjusting these conditions. 
Some of the critical conditions that influence the analysis and optimization 
process are as follows. 
(1) Non-design region. The strategy in the initial model is to create a non-
design region along the centre line of the six main supporting columns, and also at 
the centre line of each of the upper level columns to the colonnade (Figure 3.36). 
It is envisioned that this is necessary so that particular columns will not be 
removed by the ESO process. However it has been found that creating non-design 
regions for the columns restricts the outcome. The non-design regions attract load 
away from directions of natural force flows and load paths, and therefore result in 
these areas being lightly stressed and removed in the ESO process. Later models 
turn off the non-design region in the columns, giving these regions the 
opportunity to evolve as well, thereby not hindering the natural path of evolution. 
(2) The base support condition. Initially base fixity is applied to each node of 
the finite elements at the base over the complete 4m × 4m initial design domain 
with displacement constraints. Later models reduced the support zone to 1m × 1m. 
(3) Slots in the upper level colonnade. Totally 17 narrow slots are defined in 
the initial model attempting to produce 18 columns as appeared in Gaudí’s 
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original drawing, although the actual number of columns of ESO solutions can 
vary. 
(4) Stiffness of the large gable lintel over the upper level colonnade (the large 
non-design region), and the thin gable lintel to the underside of the upper level 
colonnade (the thin non-design region.) 
As shown in Figure 3.36, the dark regions indicate areas that are non-designable, 
i.e. areas that although subject to stress analysis are not modified by the ESO 
process. The grey regions indicate design regions, i.e. areas that can be modified 
by the process. The base of each column is constrained by displacements of 
element nodes. The Façade is subjected to vertical gravity loads only. It is 
supported by a wall with nodal displacement constraints. As this is not the aspect 
of interest, it was not necessary to include the supporting wall in the structural 
finite element model.  
3.4.1 Design Model 1 – non-design core to each column 
This initial model includes a non-designable core region to each of the columns; 
that is, the cores can not be removed by the structural optimization process. 
In Figure 3.38 the non-design core regions to columns are clearly in the view after 
20 iterations. The non-design column cores at the lower level are supporting the 
thin non design gable lintel and thus creating a redundant arch between the centre 
two columns, which is becoming thinner with progressive iterations. The upper 
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level non-design column cores are not co-linear with the direction of evolution of 
the upper level colonnade. The series of colonnade arches directly under the ridge 
of the upper gable lintel have disappeared, redundant due to being lightly stressed. 
 
Figure 3.38 ESO solutions of Design Model 1 after 10 iterations and after 20 iterations. 
As it has been revealed that the non-design core regions of the columns influence 
the direction of evolution, this constraint is unnecessary and that the structure 
should be given more freedom. 
3.4.2 Design Model 2 – non-design core to columns turned off 
The non design cores of the columns are turned off in this model. That is, they are 
free to evolve with the rest of the structure. However the thick gable and the lower 
thin gable under the colonnade are still defined as non-design elements in the 
design model. 
In Figure 3.39, whilst the non-design column cores are no longer influencing the 
structural evolution, the rigid upper thick and lower thin gables are resulting in the 
Chapter 3 ESO for tension or compression dominant structures 
 84 
loads being transferred to the outer columns resulting in a redundant arch. Again 
the non-design domains have a significant effect on the direction of evolution. 
Also with respect to modelling the real masonry structure, treating the gables as a 
continuous rigid body is incorrect. The masonry bodies are, in reality, a series of 
interconnected blocks that can move with a degree of independence.  
 
Figure 3.39 ESO solutions of Design Model 2 after 10 iterations and after 20 iterations.  
3.4.3 Design Model 3 – roller supports of the wall 
In this model the supports of a wall are changed. The model is now supported by 
the wall with rollers rather than pins, so that the wall would thus not attract much 
of the vertical load induced by the upper block gravity, and will have a minimum 
influence on the direction of evolution. The final façade model is smoothed using 
the commercial software Rhino. As can be seen from Figure 3.40, the solutions 
produced by the methods adopted in this model produce a result with respect to 
the modelling of the colonnade and the 6 lower columns that is much more akin to 
the original image. A structurally efficient solution would have the columns to the 
upper colonnade sloping progressively inwards to the centre of the Façade. 
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Figure 3.40 ESO solution of Sagrada Família Façade model after changing the wall’s 
supports from pins to rollers. 
3.4.4 Design Model 4 – base constraint areas with cruciform configuration 
This final gravity-only model is refined further by changing the bases of the lower 
columns from 1m × 1m squares to cruciform definition. As shown in Figures 
3.41-42, the optimization process passes through a point very close to the column 
distribution and progressively changes inclination of the columns in the colonnade 
in Gaudí’s drawing. Finally it arrives at a point where each of the lower columns 
supports a well defined group of branching upper columns as the case of Figure 
3.41(f) or Figure 3.42(f), a configuration more akin to the schema for Gaudí’s 
design for the central nave columns. At this point the structural optimization has 
subsumed other expressive intentions for the passion façade in which the upper 
columns appear as irregular but unmistakably repeating elements in a colonnade. 
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A three-dimensional wax printout of the final ESO solution is shown in Figure 
3.43. 
 
Figure 3.41 ESO solutions of Sagrada Família Façade, gravity only. 
(a) Initial design (b) 30 iterations 
(c) 45 iterations (d) 60 iterations 
(e) 75 iterations (f) 90 iterations 
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Figure 3.42 ESO solutions of Sagrada Família Façade, gravity only, smoothed and 
rendered. 
(a) Initial design (b) 30 iterations 
(c) 45 iterations (d) 60 iterations 
(e) 75 iterations (f) 90 iterations 
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Figure 3.43 Three-dimensional wax printout of the final ESO solution in Figure 3.42(f). 
3.4.5 Design Model 5 – consideration of lateral loads 
Up to this point all the models have been based on structure optimized for gravity 
loading only. Additional lateral loads will be considered to investigate the 
outcomes of the ESO process influenced by the additional application of wind or 
earthquake.  Two load cases of equal lateral acceleration are applied from the 
north and south (or right and left of the images) to simulate the earthquake effect. 
The gravity loading and support conditions remain unaltered. The results shown in 
Figure 3.43 is a structure optimized for the most efficient use of material in a 
compression only structure to resist both gravity and lateral loading. As shown the 
evolved form diverges from the gravity only case.  
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Figure 3.44 ESO solutions of Sagrada Família Façade, gravity + lateral load, smoothed 
and rendered. 
Whilst vertical gravity loading produces a symmetrical result mirrored about a 
central vertical plane, wind and earthquake forces are only applied from one 
lateral direction at each time period. Clearly a building is subjected to wind or 
earthquake forces from different directions. The model is therefore subjected to 
multiple lateral load cases and a resultant envelope of stresses produced at each 
iteration. Redundant material is gradually removed considering both load 
conditions. In this case the symmetry of the model is maintained. If the load were 
applied from one direction only an asymmetrical form would evolve. 
Whilst the structure subjected only to vertical gravity loads results in columnar 
elements that have a tree-like quality in supporting the upper lintel, the column 
elements in the laterally loaded model are angled in an ‘A’ frame or cross braced 
arrangement in response to the lateral forces. 
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The ESO technique enables loadings to be applied in any direction or in 
combinations of directions at the same time, allowing optimisation of structures in 
all three dimensions simultaneously. This is a situation that is not possible to 
emulate with traditional funicular models such as Gaudí’s hanging model. 
3.5 Concluding remarks 
The traditional ESO method has been extended to design tension-dominant and 
compression-dominant structures which are popular in civil engineering. Since a 
tension-only or compression-only structure is sometimes impossible in practice, a 
tension-dominant or compression-dominant structure is usually produced instead.  
The resemblance of the ESO solution to a catenary in the first example of Section 
3.2 is not just an accident. More examples of compression-dominant or 
compression-dominant design thereafter find their practical applications and show 
close correlation to the work of Gaudí’s buildings. Gaudí’s work applied 
structural optimization, through form finding funicular modelling of gravity 
loading. The ESO procedure serves as a quick and accurate method of developing 
rational structural form – one may speculate that it is the same kind of structural 
rationality that Gaudí aspired to achieve with his hanging models and his graphic 
calculation models. The use of the ESO technique provides an exciting new 
opportunity for architectural form finding. Complex forms can be created that are 
based on rational structural behaviour. Loads are not restricted to those in the 
vertical plane such as in Gaudí’s hanging models, but can be located in any 
directions at any points, such that buildings can be optimized for horizontal forces 
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such as wind and earthquake in addition to gravity. The reverse engineering of 
Sagrada Família Façade has built an understanding shared across two disciplines, 
civil engineering and architecture, of the opportunities and future research 
directions.  
Applications of ESO to practical design problems in this chapter clearly 
demonstrate the benefit and potential of using the topology optimization technique 
as a design tool. It enables architects and engineers to greatly expand the possible 
structural forms of their projects and to obtain designs that are not only 
structurally efficient but also exhibit distinctive aesthetical appeal.  
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Chapter 4 
Topological Optimization for Patch Repair of 
Structures with Cracks 
4.1 Introduction 
The presence of damage in structural components during service life is quite 
common in many engineering fields such as mechanical, aerospace, automotive, 
marine, nuclear, civil applications and so on. Performing repairs to damaged 
elements in which the defects are ‘outside’ an allowable limit, is the easiest way 
to assure the necessary safety level in the short time and at low economic costs. 
When in a damaged structure the required safety level is not assured, temporary 
repair, permanent repair or replacement are the three possible actions to be 
performed (Brighenti, 2004). 
Cracks represent a frequent occurrence in many aged buildings and bridges. 
Cracks mean more than a decrease of static strength. A crack may propagate due 
to the stress concentration at the crack tip, and eventually cause a fracture of the 
structural component. Patch repairs are economic and easy to apply without 
destroying the existing structure. The bonded patch offers many advantages over a 
mechanically fastened doubler which include improved fatigue life, reduced 
corrosion and in situ applications. However, a badly implemented repair can be 
more dangerous than the unrepaired configuration (Mahadesh Kumar & Hakeem, 
2000). 
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This chapter studies the topological optimization for patch repair of structures 
with cracks. For a cracked plate its behaviour of fracture is evaluated with its 
stress intensity factor (SIF) at the crack tip. This factor can be reduced 
significantly if the flawed structure is repaired appropriately with patches. The 
aim of this work is to find out the most efficient distribution of patch material. 
The BESO method (Bidirectional Evolutionary Structural Optimization) is 
adapted to minimize SIF for a given volume of patch material. Patches are 
attached to a cracked plate with adhesive. Starting from an initial design the patch 
topology will be changed step by step. The initial structure is discretized and then 
analysed in each optimization iteration using finite element analysis. The stress 
intensity factors are evaluated from the nodal displacements along the crack face. 
Sensitivity analysis is carried out to determine the contribution of each element to 
SIF. Based on the sensitivities of elements, the topology of patch is modified 
gradually by removing less efficient elements while adding more efficient ones, 
and finally achieves an optimum.  
4.2 Numerical methods for evaluation of stress intensity factor 
In Linear Elastic Fracture Mechanics (LEFM) analysis, determination of the stress 
intensity factor (SIF) at the crack tip is often a major consideration. Due to 
singularity at the crack tip, it is also difficult to accurately determine SIF. There 
are three dominant groups of methods for determining stress intensity factors. 
They involve experimental, analytical and numerical methods. Experimental 
methods such as the photoelasticity technique tend to be expensive and time 
consuming, and often require further numerical analysis to interpret experimental 
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observations. Fully analytical methods can only solve very simple problems, and a 
closed form solution does not exist to calculate crack tip SIF of patch repaired 
plates. Various numerical techniques are widely used to evaluate the stress 
intensity factor of complicate fracture problems. Most of the numerical techniques 
are based on either Finite Element Analysis (FEA) or Boundary Element Method 
(BEM). Basically, they include two groups of estimation methods, which are 
energy release methods (e.g. J-contour integration) and field matching methods 
(i.e. stress field matching and displacement field matching).  
This section looks at two existing numerical techniques that compute the stress 
intensity factor from the nodal displacements along the crack face. By applying 
quarter-point elements around the crack tip, three different estimates of SIF are 
examined. These numerical solutions of displacement field matching methods are 
compared with the theoretical solution for a simple example with through-
thickness centre crack.  Then, the cracked plate is repaired with a rectangular 
patch and its stress intensity factor is computed again with the same numerical 
methods. The Quarter-Point Displacement Technique (QPDT) is selected to 
evaluate the stress intensity factor of a patch repaired plate in the topological 
optimization. 
4.2.1 Stress and displacement matching 
There are three types of loading that crack can experience (Figure 4.1). Mode I 
loading, where the principal load is applied normal to the crack plane, tends to 
open the crack. Mode II corresponds to in-plane shear loading and tends to slide 
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one crack face with respect to the other. Mode III refers to out-of-plane shear. A 
cracked body can be loaded in any one of these modes, or a combination of two or 
three modes. However, for the sake of simplicity, only situations involving Mode 
I loading are investigated in this thesis. Figure 4.2 shows a typical Mode I only 
example – a plate with a through-thickness central crack under remote uniform in-
plane tensile stress σ. 
 
Figure 4.1 The three modes of loading that can be applied to a crack (Anderson, 2005). 
The stress intensity factor can be estimated from stresses in front of the crack tip 
or displacements behind the crack tip (Anderson, 2005). Figure 4.3 shows the 
assumed local coordinate system for stress and displacement at the crack tip. 
Considering a two-dimensional plane stress problem under pure Mode I loading 
(Figure 4.2), the stress field with respect to a local Cartesian reference system 
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where IY  is geometric correction factor and IK  is stress intensity factor for Mode 
I. θ  and r and defined in Figure 4.4. 
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where G  is the shear modulus equal to 2( 1)E υ +  and κ is equal to  
( ) ( )3 1υ υ− +  for plane stress. 
For a cracked body subjected to pure Mode I loading, on the crack plane ( 0)θ = , 
IK  is related to the stress normal to the crack plane as follows: 
 
0
lim 2 ( 0)I y
r
K rσ pi θ
→
 = =   (4.6) 
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Figure 4.3 Local coordinate system at the crack tip in a finite element. 
 
Figure 4.4 Definition of the coordinate axis ahead of a crack tip. 
4.2.2 Closed Form Solution of SIF for Cracked Plate 
In order for the stress intensity factor to be useful, one must be able to determine 
K from remote loads and the geometry. Closed-form solutions for K have been 
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above, given that a crack exists in an infinite plate subjected to a remote tensile 
stress, the analytical solution is given by 
 
2I
aK σ pi=  (4.7) 
where a is the length of crack. Thus the amplitude of the crack tip singularity for 
this configuration is proportional to the remote stress and the square root of the 
crack size. 
A related solution is that for a semi-infinite plate with an edge crack. Note that 
this configuration can be obtained by slicing the plate in Figure 4.2 through the 
middle of the crack. The stress intensity factor for the edge crack is given by 
 1.12
2I
aK σ pi=  (4.8) 
which is similar to equation (4.7). The increase in K for the edge crack is caused 
by different boundary conditions at the free edge of the semi-infinite plate. 
4.2.3 Numerical Solution of SIF for Cracked Plate without Patch 
The numerical solutions discussed in the following sections are based on finite 
element analysis and displacement field matching techniques. To reflect the stress 
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and strain singularity near the crack tip, quarter-point elements are applied (Figure 
4.5). 
The greatest advantage of using the quarter point elements is that it can achieve 
the r  variation in displacements by simply moving the mid-side nodes closest to 
the crack tips. 
It should be noted that the quarter point shift technique is only applicable to 
straight crack surface. 
 
Figure 4.5 Quarter-point crack tip elements. 
The theoretical expressions for displacements or stresses near the crack tip can be 
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determine stress intensity factors. The formula presented in this section can be 
used to determine the stress intensity factor IK  for two-dimensional cases. 
The near-tip displacement fields for a crack in an infinite plate have been given in 
equations (4.4) and (4.5). Hence, the crack opening displacement (COD) can be 
written in the case of the mode I stress intensity factor as 
 ( ) ( ) 12




κδ θ pi θ pi
pi
+
= = − = − =  (4.9) 
Here, yδ  is equal to half the crack opening displacement. There are several 
techniques that utilise equation (4.9) to determine the Mode I stress intensity 
factor. 
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A simplest technique to determine the stress intensity factor involves using the 
displacements on the nodes closest to the crack tip.  Thus for the mid-sides nodes 
in Figure 4.6 closest to the crack tip / 4r l=  results in equation(4.10), given that 







=  (4.10) 
This technique is commonly used (Fehl & Truman, 1999; Guinea, et al., 2000; 
Itoh, et al., 1986; Lim, et al., 1992, 1993) and very simple to apply. By 
extrapolating the displacement result along the crack front, other forms of 














= −  (4.12) 
where Aν  and Bν  are displacements perpendicular to the crack at points A and B 
as shown in Figure 4.6. 
Higher order polynomial fits can be made. But according to a study by Guinea et 
al. (2000), solutions using the one-point technique display higher accuracy than 
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the extrapolation technique. The same conclusion can be drawn following the 
author’s own study presented in Section 4.2.5. 
4.2.4 Numerical Solution of SIF for Cracked Plate with Patch 
No closed form solution is available for a cracked plate with patch, therefore, 
numerical methods have to be applied based on finite element analysis. The crack 
model of Figure 4.2 is repaired with a patch in order to decrease its stress intensity 
factor at crack tip. Because a surface patch does not change the nature of the two-
dimensional crack problem, equations (4.10)~(4.12) are still valid for evaluating 
its stress intensity factor. 
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4.2.5 Comparison of Displacement Matching Methods 
In order to compare the displacement field matching methods for stress intensity 
factor calculation, we consider a flat aluminium alloy sheet that has a centre crack, 
as shown in Figure 4.8. The sheet width is 240 mm, length is 240 mm and 
thickness is 3 mm. The sheet is subjected to a uniform axial stress of 166.67 MPa. 
The material properties of the aluminium alloy are Young’s modulus E=71709 
MPa, Poisson’s ratio μ=0.33. The crack length is 24 mm 
 
Figure 4.8 Geometry of the sheet with central crack. 
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Three displacement based equations and the closed form solution for this problem 
has been described in the previous section, and they are summarized in Table 4.1. 











=  (4.13) 
The geometry is meshed with 8-point square elements. Quarter point elements are 
applied around the crack tip. The size of quarter point element varies from 0.5% 
to 6% of the crack length. Following the results of finite element analysis, the 
stress intensity factors are evaluated from nodal displacements. The results are 
shown in Figure 4.9. 













= −  





= −  
Theoretical solution *
2I
aK σ pi=  
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It is seen that the solution using the one point technique (Equation (4.10), Solution 
A in Table 4.1) displays higher accuracy than the extrapolation technique. It is 
further observed that the best element size l satisfies / 3 ~ 4%l a ≈ . When the 
geometry is properly meshed, the relative error of a numerical solution can be less 
than 2% of its closed form solution. This is accurate enough for most engineering 
applications. This solution will be applied for topological optimization of patch 
repair in the next section. 
 
Figure 4.9 Comparison of relative error (err) of numerical solutions of SIF by using 
equations A, B, C in Table 4.1.  
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4.3 BESO method for optimum patch topology design 
4.3.1 Problem statement and sensitivity number 
This topological optimization problem is aimed at searching for a patching 
scheme with minimum stress intensity factor at the crack tip for a given volume of 
patching material. The revised BESO method (Bi-directional Evolutionary 
Structural Optimization) proposed by Huang & Xie (2010) will be adapted with 
consideration of the thickness change of patching panel during optimization. In 
BESO methods, a structure is optimized by removing and adding elements 
simultaneously. That is to say that, the element itself, rather than its associated 
physical or material parameters, is treated as the design variable. Thus, the 




2Minimize       
2
Subject to:     















∑  (4.14) 
where KI is the stress intensity factor (SIF) of mode I (pure tension mode), E is the 
Young’s modulus of parent material, l is the length of through-thickness crack, Aν  
is the quarter point nodal displacement normal to the crack, Vi is the volume of an 
individual element and V* the prescribed total structural volume, N is the total 
number of elements in the system. The binary design variable xi declares the 
absence (0) or presence (1) of an element. 
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4.3.2 Sensitivity number 
The objective function in equation (4.14) is actually determined by the normal 
displacement Aν  of the quarter point A in Figure 4.6. Assume the jth node is on 
point A of a finite element model, and uj is the nodal displacement component 
corresponding to Aν . The optimization problem considered here is thus equivalent 
to minimization of the nodal displacement component uj, and the strategy of 
sensitivity analysis for displacement constraint problem (Xie & Steven, 1997) can 
be applied. 
In finite element analysis (FEA), the static behaviour of a structure is represented 
by the following equilibrium equation 
 [ ]{ } { }K u P=  (4.15) 
where [K] is the global stiffness matrix, {u} is the nodal displacement vector and  
{P} is the nodal load vector. 
Consider the removal of the ith element from a structure comprising n finite 
elements. The stiffness matrix will change by 
 
*[ ] [ ] [ ] [ ]iK K K K∆ = − = −  (4.16) 
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where [K*] is the stiffness matrix of the resulting structure after the element 
removal and [Ki] is the stiffness matrix of the ith element. It is assumed that the 
removal of the element has no effect on the load vector {P}. By ignoring a higher 
order term, we obtain the change of the displacement vector from equation (4.15) 
as 
 
1{ } [ ] [ ]{ }u K K u−∆ = − ∆  (4.17) 
To find the change in uj due to an element removal, we introduce a unit load 
vector {Fj}, in which only the jth component is equal to unity and all the others 
are equal to zero. Multiplying equation (4.17) by {Fj}T we obtain 
 
1{ } [ ] [ ]{ } { } [ ]{ } { } [ ]{ }j T i j T i ij T i iju F K K u u K u u K u−∆ = = =  (4.18) 
where {uj} is the displacement due to the unit load {Fj}, {ui} and {uij} are the 
element displacement vectors containing the entries of {u} and {uj}, respectively, 
which are related to the ith element. The calculation of the right hand side of 
equation (4.18) can be done at element level, as all the entries in [Ki], {ui} and {uij} 
are zero except for those which are related to the ith element. The value 
 { } [ ]{ }e ij T i ii u K uα =  (4.19) 
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indicates the change in the specified displacement component uj due to the 
removal of the ith element. When a non-uniform mesh is assigned, an element 
may appear to have a big sensitivity number just because of its big sizes; therefore, 
the sensitivity number should consider the effect of the volume of the element. In 
such a case, the sensitivity number can be replaced as 
 { } [ ]{ } /e ij T i ii iu K u Vα =  (4.20) 
where Vi is the volume of an individual element. It can be replaced by the 
elemental area for 2D case given that the patching panel has a uniform thickness. 
 { } [ ]{ } /e ij T i ii iu K u Aα =  (4.21) 
where Ai is the area of an individual plane element. 
To add material into the design domain, a filter scheme will be used to smooth the 
sensitivity number in the whole design domain. More importantly, by using the 
filter scheme, problems of checkerboard pattern and mesh-dependency will be 
resolved at once (Huang & Xie, 2010). 
Chapter 4 Topological optimization for crack patch repair  
 111 
4.3.3 Filter scheme and improved sensitivity number 
Before applying the filter scheme, nodal sensitivity numbers which do not carry 
any physical meaning on their own are defined by averaging the elemental 









= ∑  (4.22) 
where M denotes the total number of elements connected to the kth node. wi is the 






























where rik is the distance between the centre of the ith element and the kth node. 
The above weight factor indicates that the elemental sensitivity number has larger 
effect on the nodal sensitivity number when it is closer to the node. 
The above nodal sensitivity numbers will then be converted into smoothed 
elemental sensitivity numbers. This conversion takes place through projecting 
nodal sensitivity numbers to the design domain. Here, a filter scheme is used to 
carry out this process. The filter has a length scale rmin that does not change with 
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mesh refinement. The primary role of the scale parameter in the filter scheme is to 
identify the nodes that will influence the sensitivity of the ith element. A circle of 
radius rmin centred at the centroid of the ith element will create a circular sub-
domain Ωi which should be big enough so that Ωi covers more than one element. 
The size of the sub-domain Ωi does not change with mesh size. Nodes located 
inside Ωi contribute to the computation of the improved sensitivity number of the 






















Where K is the total number of nodes in the sub-domain Ωi , w(rik) is the linear 
weight factor defined as 
 min( ) -      ( 1,  2,   ,  )ik ikw r r r k K= = …  (4.25) 
It can be seen that the filter scheme smoothes the sensitivity numbers in the whole 
design domain. The filter scheme is purely heuristic. However, by adopting this 
simple technique, many numerical problems in topology optimization, such as 
checkerboard and mesh-dependency, can be effectively overcome. The filter 
scheme requires little extra computational time and is very easy to implement in 
the optimization algorithm (Huang & Xie, 2010). 
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4.3.4 BESO procedure for patch panel optimization 
The sensitivity numbers of all elements are calculated and then the elements are 
sorted according to the values of their sensitivity numbers in descendent order. A 
current solid element will be removed (xi switched from 1 to 0) if 
 
th
i delα α≤  (4.26) 
While a current void element will be added (xi switched from 0 to 1) if 
 
th
i addα α>  (4.27) 
Where thdelα  and 
th
addα  are the threshold sensitivity numbers for removing and 
adding elements. The two thresholds of sensitivity numbers are determined by 
pre-defined volume addition ratio (AR) and volume rejection ratio (RR) which are 
parameters that control the volume percentage to be added and to be removed at 
each iteration. 
The cycle of finite element analysis and design modification continues until the 
maximum iteration number is reached or the following convergence criterion 
(defined in terms of the change in the objective function) is satisfied. 




























where nIK  is the value of objective function (stress intensity factor for Mode I) at 
the nth iteration, m is the current iteration number, τ is a allowable convergence 
tolerance and N is an integer number specifying the history iterations of which the 
value of objective function to be averaged. Normally, N is selected to be 5, which 
implies that the change in the stress intensity factor over the last 10 iterations 
should be acceptably small. 
The BESO procedure for patch panel repair is given as following: 
1. Discretize the structure with finite elements and apply non-designable 
properties to all parts except the initial full design of patch panel; 
2. Solve the static equilibrium equation (4.15) for the given load {P} and the 
virtual unit load {Fj}; 
3. Calculate the sensitivity number for each element using equation (4.21); 
4. Apply filter scheme and modify the sensitivity number using equation (4.24); 
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5. Modify the patch topology by adding and removing elements according to the 
criteria described in equations (4.26) and (4.27); 
6. Multiply all non-void panel elements with a factor to keep the total patch 
material volume the same as the initial design, i.e. make the new design 
satisfying the volume constraint condition in equation (4.14); 
7. Evaluate the stress intensity factor and repeat steps 2-6 until the maximum 
iteration number is reached or the convergence criterion of equation (4.28) is 
satisfied. 
Figure 4.10 is a flowchart of the BESO method for patch repair optimum design. 
This algorithm is programmed in Compaq Visual Fortran and integrated with NEi 
Nastran software that is used as the FEA solver. 
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Figure 4.10    Flowchart of the BESO method for patch repair optimum design. 
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4.4 Numerical tests of optimization for patch repair 
In the present section, several numerical tests are performed to find out the 
optimum patch shapes for repaired cracked plates under Mode I loading. The flat 
aluminium alloy sheet with a centre crack in Section 4.2 is initially repaired with a 
square patch panel (Figure 4.11). The dimension of the square patch (initial full 
design domain) is 60 mm 60 mm 0.5 mm× × . Due to the symmetry of the problem 
only a quarter of model is considered and meshed with finite elements (Figure 
4.12). 
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Figure 4.12 Meshes of finite element model for patch repair problem. 
Both the cracked plate and the repair patch are meshed with 2D shell elements, 
while the adhesive (0.15mm thick) between them is meshed with 3D solid 
elements. Quarter-point side nodes have been applied to the elements on the 
parent plate connecting the crack tip. 
Firstly, the original ESO method has been used to optimize the shape of the patch 
panel. No elements are restored after removal. No filter scheme is applied to the 
procedure. The evolution of the patch shape is shown in Figure 4.13. The design 
is gradually modified from the initial square patch to irregular ones with material 
distributed in front of and behind the crack tip, approximately forming two 
triangles. The SIF of the final design has been reduced by 21% compared with the 
initial design. 
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(a) initial design 
 
(b) iteration 15 
 
(c) iteration 20 
 
(d) iteration 25 
 
(e) iteration 30 
 
(f) iteration 32 
Figure 4.13 Topology optimization of patch panel with an ESO method: (a) initial design; 
(b-f) evolved designs. Only patch elements are displayed. 
It is noted that both sides of the cracked plate are repaired with patches by default, 
as single-side patching will cause out-of-plane bending (Figure 4.14) 
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Figure 4.14 Exaggerated out-of-plane deformation of cracked plate with single-side 
patching. 
Next, the BESO procedure of last section is applied. Again, we start from an 
initial square full design and gradually modify the shape of patch panel, both 
adding and removing elements. Since the filter scheme has been introduced the 
patch evolves to a more regular pattern (Figure 4.14). The SIF of the final design 
has been reduced by 24% compared with the initial design. It can be seen that 
some early removed elements have been restored later. This overcomes the 
weakness of ESO. 
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(a) initial design 
 
(b) iteration 15 
 
(c) iteration 22 
 
(d) iteration 30 
 
(e) iteration 38 
 
(f) iteration 44 
Figure 4.15 Topology optimization of patch panel with the BESO method: (a) initial 
design; (b-f) evolved designs. Only patch elements are displayed. 
The improved patch shapes in Figure 4.15(e) and (f) are similar to the results of 
Brighenti et al. (2006) using a genetic algorithm. However, the method of this 
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chapter demonstrates less iteration number, smoother pattern for the repair patch, 
and non-gray areas. 
 
Figure 4.16 Optimized patch shape obtained through a genetic algorithm after 1000 
iterations (Brighenti et al., 2006). 
4.5 Concluding remarks 
In this chapter, the revised BESO method has been successfully adapted and 
applied to the optimum design for crack patching. The optimization is performed 
by keeping the total patched volume constant and minimizing the stress intensity 
factor which is evaluated numerically using the quarter-point element method. 
The proposed procedure has been programmed and implemented in FORTRAN 
codes for structural topological optimization, and linked with an FEA software 
package for structure analysis. The numerical example shows a reduction of 24% 
in the stress intensity factor by optimizing the patch pattern. 
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For comparison purpose, the original ESO method has also been used to optimize 
the topology of patch panel, and the BESO method demonstrates evident 
advantage by the means of adding material and including a filter scheme. 
Although the implemented procedure is based on the through-thickness central 
crack of Mode I, it can be extended to tackle other problems related to the best 
topology of patch repairs by modifying the evaluation of the corresponding stress 
intensity factor and FEA models. 
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Chapter 5 
Steady State CFD Simulations of Wind Drag on 
Straight and Twisted Buildings 
5.1 Introduction 
This chapter presents a systematic study of wind drag on high-rise polygonal 
buildings using Computational Fluid Dynamics (CFD). The purpose of this work 
is to investigate a proper selection of turbulence model, meshing strategy and 
fluid domain conditions.  The simulation results of wind forces on a building can 
be used as the load condition for structural topological optimization of high-rise 
tower in chapter 7. 
Firstly, the wind drag on polygons with various side numbers will be simulated. It 
will be shown that, by increasing the side number of a polygon, the drag 
coefficient of the extruded tower decreases and eventually converges to that of a 
circular tower. Next, round corners are applied to the polygonal cross section. 
CFD simulation results will show a consistent reduction of wind drag when the 
radius of the round corner is gradually increased. Finally, a 3D straight polygonal 
tower is modelled and then twisted gradually. The effect of twisting on reducing 
wind drag will be investigated. It will show that the wind drag can be reduced if 
the building is twisted appropriately. 
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The CFD simulations will be carried out using ANSYS® Inc., CFX® V12.1 on an 
HP Z600 workstation with 8 cores and 12G RAM. Much of the work shown in 
this chapter has been published in Tang et al (2010). 
5.2 Background 
Wind loading competes with seismic loading as the dominant environmental 
loading for building structures, especially for high-rise towers (Holmes, 2007). 
Wind-induced forces acting on a building depend upon the characteristics of the 
wind itself, upon the shape and topology of the building, as well as details or 
texture of the building’s external surfaces. Accurate information of wind loads on 
buildings is known only for a small number of specific structural geometries, and 
most of this information has been obtained from analytical fluid dynamics and 
wind tunnel testing on small-scale models that simulates ideal steady-state winds. 
Australian/New Zealand Standards (AS/NZS 1170.2:2002) set out procedures for 
determining wind speeds and resulting wind actions to be used in the structural 
design, covering buildings less than 200m high and structures with roof spans less 
than 100m. Wind tunnel testing is often time consuming and expensive, which can 
usually only be economically justified for large buildings, important buildings, or 
mass-produced low-rise buildings. Whilst the wind tunnel testing will produce 
accurate results, the cost and process of constructing a scale model generally 
result in the wind tunnel test being undertaken once the architect has finalised the 
building shape. Recent advances in numerical techniques and computer 
hardware/software have increased designers’ ability to analyse and simulate wind-
related processes. Computational fluid dynamics (CFD) technique complements 
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experimental and analytical approaches by providing an alternative cost-effective 
means of simulating real fluid flows. Particularly, CFD substantially reduces the 
lead time and costs in design and production compared to experimental-based 
approach and offers the ability to solve a range of complicated flow problems 
where the analytical approach is lacking (Tu, et al., 2008). In civil and 
environmental engineering, CFD is gradually gaining ground in its use for 
predicting wind loads and other wind-induced responses of buildings and other 
structures. 
As buildings rise higher they attract more wind loads. Evaluation of wind drag of 
tall buildings has been a fundamental research area of wind engineering. Many 
buildings are featured with a simple floor plan of an n-sided polygon or a circle. 
Some of the drag coefficients of such simple geometries can be found in various 
codes and documents (AS/NZS 1170.2:2002; Macdonald, 1975; Simiu& Scanlan, 
1996). However, not all of them are covered by existing codes. The wind drag 
forces of polygonal geometries were studied with both wind tunnel tests (Szalay, 
1989) and numerical simulations (Jang & Chien, 2009). Most of these results 
agree well with design codes where possible. This chapter makes further 
investigation of wind drag of polygonal towers with various side numbers and 
rounded corner radii. 
Generally, well-curved bodies attract less wind drag, such as the cases of a square 
with rounded corners, a bullet and an airfoil. Twisting is another way to curve and 
smooth the surface of a body. Felicetti and Xie attempted their initial studies on 
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twisted building using CFD over ten years ago (Figure 5.1). They assumed that 
twisted buildings may attract less wind loads, following an observation that part 
of the wind flows being directed along the twisted spiral surfaces (Felicetti & Xie, 
2007).  
  
 (a)      (b) 
Figure 5.1 An experimental twisted building investigated by Felicetti and Xie: (a) 
elevation of the building; (b) CFD result of wind flow around the building. 
It is interesting to note that several twist towers have already been constructed 
around the world in recent years. For example, the Turning Torso was constructed 
in Malmö, Sweden in 2001 – 2006. This building features a twist of 90 degrees, as 
shown in Figure 5.2(a). It reaches a height of 190 meters with 54 storeys, and uses 
nine segments of five-storey pentagons that twist as it rises. Another practical 
example is the Avaz Twist Tower in Sarajevo, Bosnia and Herzegovina. With 142 
meters in height (172 meters with the antenna), it was the tallest building in 
Balkans (Figure 5. 2(b)). Still more twisted buildings are proposed or being 
constructed, including the 330-meter Infinity Tower in Dubai and the 632-meter 
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Shanghai Tower in China. The screw-like 150-floor Chicago Spire in the United 
States is also among the twisted buildings under construction. Most of the twist 
towers are landmarks of the cities. Besides aesthetic viewpoints from architects, 
structure engineers are more interested in some possible advantages of wind 
resistant behaviour of twisted buildings. Most of the previous research work was 
focused on straight tall buildings (Huang et al., 2007; Liu et al., 2009). This 
chapter makes further investigation of the twisting effects on reducing wind drag 
of towers. 
 
   (a)      (b) 
Figure 5.2 Two examples of twist buildings: (a) Turning Torso in Malmö, Sweden 
(http://en.wikipedia.org/wiki/Turning_Torso); (b) Avaz Twist Tower in Sarajevo, Bosnia 
and Herzegovina (http://en.wikipedia.org/wiki/Avaz_Twist_Tower). 
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5.3 Drag coefficients of straight polygonal towers 
Wind drag forces of polygonal and circular towers are numerically simulated in 
this section. Two factors that control the shape of a polygonal tower are 
considered: one is the side number of polygon and the other one is the round 
corner radius. Their influences on wind drag are systematically investigated. 
The wind drag on a body is usually expressed in the form of a non-dimensional 







=  (5.1) 
where D is the along-wind drag, ρ  is the density of flow, v is the free stream 
velocity and A is a reference area. Often A is a projected frontal area. In the case 
of an infinitely long, or two-dimensional, body a force coefficient per unit length 







=  (5.2) 
where d is the wind drag per unit length, and b is a reference length, usually taken 
as the breadth of the structure normal to the wind. The reference length may also 
be defined as the chord length if we consider lift and drag coefficients of an airfoil. 
However in this section we are evaluating drag coefficients of various straight 
polygonal towers, it is necessary to compare their wind drag based on the same 
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wind velocity, flow density and floor plan area. It is obviously from equation (5.2) 
that the reference length should be directly related to the cross-section area of a 
polygonal tower. In order to keep the unit consistent we define the reference 
length as a square root of cross-section area crossA , i.e. 
 crossb A=  (5.3) 









=  (5.4) 
No matter which direction the wind comes from, the area-based reference length 
remains consistent for the same tower even though the projected frontal breadth 
varies. Take a square tower for example. When we change wind direction from 
edge-leading to vertex-leading, the projected frontal breadth increases to 1.414 
times while the reference length in equation (5.4) still remains the same. The drag 
coefficients of various towers are hence comparable with consideration of 
building space. 
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5.3.1 Drag coefficients of n-sided polygonal towers 
Wind drag forces of nine different polygonal towers are investigated. The side 
numbers of polygon range from 4 to 20, while the cross-sectional area is kept the 
same as 100m2. For comparison purpose a tower with a circular layout is also 
included. Given that the towers are infinitely long, two-dimensional CFD models 
are considered. As the cross section of a polygonal tower is symmetric, a half-
model is applied to a steady state analysis for each case, as shown in Figure 5.3. 
The domain of simulation is set as incompressible air flow at 25°C with SST 
(Shear Stress Transport) turbulence model. A uniform normal velocity (v=5m/s) 
is applied at the inlet and 1atm average static pressure at the outlet.  The CFD 
simulations have been tested with various mesh patterns and grid densities in 
order to produce reliable and mesh-independent results for all cases. Figure 5.4 
shows a structured two-dimensional mesh pattern around the upper half of an 18-
sided polygonal tower, with y-plus around 2 (Tu, et al., 2008). Y-plus (y+) is the 
dimensionless distance from the wall. It is used to check the location of the first 
node away from a wall. Y-plus values control the near wall resolution. The 
numerical simulations converged well for all cases in this section with such 
meshes. 
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Figure 5.3 Two-dimensional CFD model of the upper half of a polygonal tower. 
 
Figure 5.4 Structured two-dimensional mesh around the upper half of an 18-sided 
polygonal tower. 
As winds come from all directions we consider two representative wind directions: 
wind into an edge and wind into a vertex. The results of simulation with polygon 
edges facing inlet wind are shown in Table 5.1, while those with vertices facing 
inlet wind are shown in Table 5.2. Generally, for both wind directions, the drag 
coefficients decrease while the side numbers increase, as illustrated in the tables. 
But the tendency appears unsmooth at some points, especially for polygons with 
fewer sides. This is because some polygons are placed with an edge at the top (as 
is the case shown in Figure 5.4) while the others with a vertex on the top. Take the 
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cases with wind into an edge for instance. The 6-sided polygon has a vertex on the 
top, while the 8-sided polygon has an edge on the top. If we assume winds come 
equally from all directions the average drag coefficients of two representative 
wind directions present more regular and smooth tendency (Figure 5.5). The curve 
of average drag coefficients is expected to approach to the point of a circular 
tower finally. It also demonstrates that the decrease of dC  becomes very slow 
after the polygon has more than 14 sides. The average drag on a 14-sided 
polygonal tower is only 40% of that on a square tower with the same cross-section 
area.  
Table 5.1 Drag coefficients of polygons with edges facing inlet wind ( 63.24 10eR = × ). 
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Table 5.2 Drag coefficients of polygons with vertices facing inlet wind ( 63.24 10eR = × ). 
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Figure 5.5 Drag coefficients of polygons with wind into a vertex and wind into an edge. 
When a body moves through a fluid (or a flow passes a body) it experiences a 
drag force, which is usually divided into two components: frictional drag and 
pressure drag. Frictional drag comes from friction between the fluid and the 
surfaces over which it is flowing. This friction is associated with the development 
of boundary layers. Pressure drag comes from the eddying motions that are set up 
in the fluid by the passage of the body. This drag is associated with the formation 
of a wake. Frictional drag is important for attached flows, while pressure drag is 
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important for separated flows. When the drag is dominated by frictional drag, the 
body is said to be streamlined; and when it is dominated by pressure drag, the 
body is said to be bluff. A streamlined body is like a fish, or an airfoil at small 
angles of attack, whereas a bluff body is like a brick, a cylinder, or an airfoil at 
large angles of attack.  
A polygonal tower is a bluff body, and its drag force is dominated by pressure 
drag. When a free stream flow passes a polygonal tower the boundary layer 
separates at a location after the front stagnation point due to adverse pressure 
gradient. The separation point varies with the shape of floor plan of a tower, even 
for the same Reynolds number. When we increase the side number of a polygon 
the surface of the tower becomes smoother. This causes the separation of flow to 
be delayed, as shown in Figure 5.6-7. This delay in the separation results in a 
narrowing in the wake flow where the pressure is negative. The decreased leeward 
suction results a lower pressure difference around the body, and hence lower total 
pressure drag and a lower drag coefficient. However it seems that the width of 
wake flow does not change much after the case of 14-sided polygon. This explains 
the flat segment of curve in Figure 5.5. 
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Figure 5.6 Flow velocity vectors around polygons with edges facing inlet wind. 
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Figure 5.7 Flow velocity vectors around polygons with vertices facing inlet wind. 
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5.3.2 Drag coefficients of square towers with round corners 
The previous section has demonstrated the variation of drag coefficients while a 
square evolves to a circle by increasing side number of polygon. Another way of 
evolving a square to a circle is to apply round corners to a square and to increase 
the fillet radius. A parametric CFD model is created from the previous model of 
square geometry. Its edge breadth is b and its four corners are rounded with fillet 
radius r. By gradually increasing this radius the cross section changes from a 
square (r/b=0) to a circle (r/b=0.5) and the drag coefficient varies accordingly 
(Figure 5.8). It is shown that Cd drops quickly before the radius-to-breadth ratio 
reaches 0.15, and that further increase of fillet radius does not change drag 
coefficient very much. This result is illustrated clearly in Figure 5.9, where the 
round corner delays the separation of boundary layer. But after the design point 
r/b=0.15 wind flow attaches to the horizontal edges and the wake flow does not 
get much narrower by further increasing the radius of round corners. It must be 
point out that the value of this point is greatly dependent on the Reynolds number. 
A change of inlet velocity may move this point forward or backward. 
From the results of this example, it is seen that even small round corners can 
reduce wind drag forces significantly. A square with round corners attract much 
less wind drag than one with sharp corners. If a polygonal tower is built with 
fillets to the edges, the wind drag will be effectively reduced.  
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Figure 5.8 Drag coefficients of rounded square with various radii ( 63.24 10eR = × ). 
 
Figure 5.9 Flow velocity vectors around rounded squares with round corners delaying 
flow separation. 
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5.4 Twisted polygonal towers 
The above sections demonstrate that appropriately curved surfaces can reduce 
wind drag. Twisting is another way of making straight surfaces curved. In this 
section the wind drag forces of twisted polygonal towers are investigated.  
A polygonal tower is a tower extruded from a polygon. If the tower is twisted 
along its vertical axis during extrusion a twisted polygonal tower is created. 
Figure 5.10 shows some origami models of twist towers with 5-sided, 4-sided and 
3-sided polygonal cross sections. The author created these models from plain 
papers with outspread printouts (Figure 5.11) to make intuitive visual display of 
twist towers.  
 
Figure 5.10 Origami models of twist polygonal towers with various side numbers. 
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Figure 5.11 Outspread printouts for making origami models of twist towers with 5-sided 
and 4-sided polygonal cross sections. 
The above outspread printouts were drawn by computer after some simple 
calculation based on tower dimensions and twist angles. Origami models were 
then created by folding the papers along longitudinal lines and by sticking the two 
opposite edges together. 
Several computer geometry models of polygonal towers are shown in Figure 5.12, 
including a straight one and three twisted ones. Since a tower with a twist angle is 
not symmetric as the previous examples a full three-dimensional CFD model is 
created (Figure 5.13). The tower utilizes a square floor plan that is gradually 
twisting along the height by up to 180°. The tower is 30m × 30m × 150m in 
dimension, while the flow domain of simulation is 2250m × 600m × 750m. The 
wind velocity is set as v=25m/s at the inlet, and the corresponding Reynolds 
number of this model is about 74.86 10× . The twist angle is set as design variable. 
A parametric study of the influence of the twist angle on the wind drag is 
performed. 
Chapter 5 Steady-state CFD simulations of wind drag  
 144 
 
Figure 5.12 Geometry models of towers twisted with different angles. 
 
 
Figure 5.13 Three-dimensional parametric CFD model of twisted tower. 
Wind drag forces are evaluated with CFD simulation. Figures 5.14-15 present the 
change of wind drag versus different twist angle, with wind coming into an edge 
and into a vertex of floor plan respectively. Assuming that the wind comes evenly 
from all directions, the wind drag forces of the two representative directions are 
averaged and shown in Figure 5.16. The wind drag keeps dropping after 67.5° of 
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twist angle, but the decrease is slow. The biggest drag reduction of a twist tower 
in this case is about 6% compared with the straight one. The drag reduction is not 
as significant as that by increasing the number of polygon sides and that by 
applying round corners. However, a comparison of the streamlines around towers 
in Figure 5.17 demonstrates that the twisting has indeed redirected a portion of 
wind flow along the curved surface of a twist tower. This agrees with the previous 
observation of Felicetti and Xie (Figure 5.1).  
Apart from a limit reduction of wind drag, a twist tower has some other features 
according to the simulation results. Twisting tends to reduce the difference of 
wind drag when wind comes from difference directions (Figures 5.14-15). The 
drag force for the case of wind into a vertex is about 10% greater than that for the 
case with wind into an edge when the twist angle is zero degree (straight tower). 
This difference of wind drag is mainly caused by the difference of frontal area of 
the tower when wind comes from different directions. When the tower is twisted 
by 180° the wind drag is almost the same for both wind directions. It is also 
shown that the wake flow behind the twist tower becomes less regular than that 
behind the straight tower (Figure 5.17). Twisting varies the polygonal cross-
sectional layout with height. By varying cross-sectional shape the Strouhal 
number varies with height, which causes the vortex shedding frequency to be 
different at various height levels (Irwin, 2008; Irwin, 2009). Therefore, twisting 
may be applied as one of several measures to avoid undesirable across-wind force 
caused by vortex shedding. This dynamic behaviour of twist buildings will be 
investigated in the next chapter. 
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Figure 5.14 Drag of twist tower with an edge facing inlet wind. 
 
Figure 5.15 Drag of twist tower with a vertex facing inlet wind. 
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Figure 5.16 Average of two wind directions for twist tower. 
 
 
   (a)      (b) 
Figure 5.17 Streamline of flow passing towers: (a) streamline around a straight tower; (b) 
streamline around a twist tower. 
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5.5 Concluding remarks 
A systematic study of wind drag on both straight and twisted polygonal buildings 
has been carried out using steady state CFD simulations.  
Firstly, several different cross-sectional shapes of regular polygonal towers have 
been investigated. Numerical results show that by increasing the number of 
polygon sides the drag coefficient of the tower decreases and approaches to that of 
a circular tower eventually.  
Secondly, a parametric model has been created to investigate the drag coefficients 
of a square with different fillet radius on the rounded corners. The results 
demonstrate a substantial reduction in the wind drag while the radius is increased. 
Even a small round corner can make significant reduction of wind drag forces. 
Since a square with round corners attracts much less wind drag than that with 
sharp corners, it will be desirable to build a tower with fillets on its edges for the 
purpose of an effective reduction of wind load.   
Finally, the influence of building twist on wind drag has been studied with a series 
of CFD simulations. Twisting makes straight surfaces of the building curved. Part 
of wind flows are directed along the twisted surfaces. The wind drag may be 
reduced when the tower is twisted at certain angles. However, numerical 
simulation in this chapter has shown that the benefit of wind drag reduction is not 
very significant for twisted towers. Twisting tends to narrow the difference of 
wind drag for wind coming from difference directions. It is envisaged that 
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twisting may lead to a significant reduction in the cross-wind fluctuating forces as 
the vortex shedding becomes “confused” and incoherent due to the twist. This 
important dynamic behaviour of twist buildings will be investigated in the next 
chapter. 
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Chapter 6 
Transient CFD Simulations of Wind Loads on 
Straight and Twisted Buildings 
6.1 Introduction 
In the last chapter steady state CFD simulations were carried out to obtain wind 
drag on towers. This chapter investigates both along-wind load and cross-wind 
load on straight and twisted high-rise buildings with transient CFD method. The 
simulation results of wind forces on a building can be used as the load condition 
for structural topological optimization of high-rise tower in chapter 7. 
The time dependence of the flow characteristics can be specified as either steady 
state or transient. Steady state simulations, by definition, are those whose 
characteristics do not change with time and whose steady conditions are assumed 
to have been reached after a relatively long time interval. They therefore require 
no real time information to describe them. Transient simulations require real time 
information to determine the time intervals at which the solver calculates the flow 
field. Transient behaviour can be caused by the initially changing boundary 
conditions of the flow, as in start up, or it can be inherently related to the flow 
characteristics, so that a steady state condition is never reached, even when all 
other aspects of the flow conditions are unchanging. Many flows do not have a 
steady state solution, and may exhibit cyclic behaviour. 
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The steady state simulation has advantages of smaller size of simulation domain 
(half model for symmetric problem), relatively coarse mesh requirements, and a 
saving of simulation time.  But this method cannot capture dynamic behaviours 
such as vortex shedding and cyclic cross-wind loads. Sometimes simulations that 
are run in steady state mode will have difficulty converging, and no matter what 
action is taken regarding mesh quality and time step size, the solution does not 
converge. This could be an indication of inherent transient behaviour. It is worth 
pointing out that some CFD simulations in the previous chapter did not have a 
fully satisfactory convergence; therefore the reliability of results could be 
questionable.  
Compared with a steady state analysis, a transient CFD simulation captures the 
effects of vortex shedding and gives more reliable results. Some of the steady 
state simulations in the last chapter will be performed again with transient models 
in this chapter. Investigations will be made to simulate wind drag on a polygon 
with various side numbers and a rounded square with various corner radii using 
transient analysis.  
The twisting effects on wind loads of building will also be investigated. Most of 
the previous research work has been focused on straight tall buildings. Huang, et 
al. (2007) made a comprehensive numerical study of wind effects on the 
Commonwealth Advisory Aeronautical Council (CAARC) standard building. Liu 
et al. (2009) studied vortex-induced vibration of slender buildings in across wind 
with analytical methods and wind tunnel tests. Transient simulations in this 
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chapter will show significant benefits of a tower twist in reducing cross-wind 
loads.  
6.2 Drag coefficients of straight polygonal towers 
Wind actions on polygonal and circular towers are simulated with transient CFD 
method in this section. In order to compare wind loads on different geometries 
two factors that control the shape of a polygonal tower are considered: one is the 
side number of polygon and the other one is the round corner radius. Their 
influences on wind drag are investigated. 
As both along-wind load and cross-wind load will be considered in this chapter, a 
more general definition of force coefficient will be given, rather than the drag 
coefficient only in the last chapter. 
6.2.1 Force coefficients 
The wind force on a body is usually expressed in the form of non-dimensional 







=  (6.1) 
where F is the total wind load, ρ  is the density of flow, v is the free stream 
velocity and A is a reference area. Often A is a projected frontal area. 
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In the case of infinitely long, or two-dimensional, bodies a force coefficient per 







=  (6.2) 
where f is the aerodynamic force per unit length, and b is a reference length. 
Aerodynamic forces are conventionally resolved into two orthogonal directions: 
drag for along-wind force component and lift for cross-wind force component 
(Figure 6.1). Substituting ‘L’ and ‘D’ for ‘F’ in equation (6.1) gives the definition 
of lift coefficient CL and drag coefficient CD. In the case of two-dimension Cl and 
Cd are similarly defined from equation (6.2). 
 
Figure 6.1 Components of wind loads. 
Along-wind load (Drag, D) 
Cross-wind load (Lift, L) 
Chapter 6 Transient CFD simulations of wind loads  
 155 
The reference length b is usually taken as the breadth of the structure normal to 
the wind. It may also be defined as the chord length if we consider force 
coefficients of an airfoil. However in this section we are evaluating drag 
coefficients of various straight polygonal towers; it is necessary to compare their 
wind drag based on the same wind velocity, flow density and floor plan area. It is 
obvious from equation (6.2) that the reference length should be directly related to 
the cross-section area of a polygonal tower. In order to keep the unit consistent we 
define the reference length as a square root of cross-section area crossA , i.e. 
 crossb A=  (6.3) 









=  (6.4) 
6.2.2 Numerical simulation of flow around a cylinder 
The flow around a cylinder is simulated using ANSYS CFX software as an 
example to verify the mesh quality and CFD model. Given that the cylinder is 
infinitely long, two-dimensional CFD model is considered (Figure 6.2). The 
domain of simulation is set as incompressible air flow at 25°C. A uniform normal 
velocity ( 10 m/sv = ) is applied at the inlet and 1atm average static pressure at the 
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outlet. From various turbulence models available in CFX the Shear Stress 
Transport (SST) model is adopted for transient simulation, as a compromise 
between computational cost and accuracy. With the development of CFD 
techniques and computer software and hardware in recent years, Large Eddy 
Simulation (LES) model have been used by  a lot of researchers to give more 
accurate predictions for mean and dynamic wind loads (Huang, et al., 2007; Lim, 
et al., 2009; Murakami, 1998). However, with this turbulence model, the 
requirement of meshing quality is high and the simulation is extremely time-
consuming for a normal personal computer or even for a workstation with a 
limited number of CPU cores. The k ω−  based SST model accounts for the 
transport of the turbulent shear stress and gives highly accurate predictions of the 
onset and the amount of flow separation under adverse pressure gradients. The 
SST model is thus recommended for high accuracy boundary layer simulations 
(ANSYS CFX-Solver Modelling Guide), and will be adopted as a reasonable 
choice for CFD simulation in this chapter.  
Figure 6.3 shows the mesh arrangement for the simulation domain. The domain is 
divided into 9 zones. Structured meshes are applied to all zones except for the 
central one. Very fine unstructured meshes are applied to the central zone where 
the tower is nested (Figure 6.4). On the surfaces of the circle boundary layer 
elements are inflated to ensure that y-plus is around 2 (Tu, et al., 2008). The CFD 
simulations have been tested with various grid densities in order to produce 
reliable and mesh-independent results. 
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Figure 6.2 Two-dimensional CFD model for transient simulation. 
 
Figure 6.3 Mesh configuration for the simulation domain. The domain is divided into 9 
zones, with very fine meshes in the zone nesting the tower. 
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Figure 6.4 Fine meshes around the tower. 
Figure 6.5 shows a time history of transient simulation. The force coefficients 
fluctuate regularly after 30 seconds of simulation time. The time averaged lift 
coefficient Cl is zero approximately, while the time averaged drag coefficient Cd is 
0.46 for its original definition in equation (6.1). Compared with the wind codes of 
Australia/New Zealand Standard (AS/NZS 1170.2) where 0.5dC = for Reynolds 
number 66.48 10eR = × , the simulation result matches the design codes well. An 
instantaneous velocity contour displays periodic vortexes in wake flow captured 
by the transient CFD analysis (Figure 6.6). 
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Figure 6.5 Time history of drag coefficient (Cd) and lift coefficient (Cl) for flow passing a 
circle. 
 
Figure 6.6 Instantaneous velocity contour obtained from the transient analysis of wind 
flow around a circle. 
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The above mesh pattern and CFD model definition will be applied to the 
following two-dimensional CFD simulations. 
6.2.3 Drag coefficients of n-sided polygonal towers 
Wind drag forces of nine different polygonal towers were investigated with 
steady-state simulation in the previous chapter. To increase reliability of results, 
this chapter applies transient simulation.  
The side number of polygon ranges from 4 to 20, and the cross-sectional area is 
100m2. Free stream velocity 10 m/sv =  is applied to the inlet. Assuming that 
winds may come equally from all directions we consider two representative wind 
directions: wind into an edge and wind into a vertex. Figure 6.7 displays 
simulation results of time averaged drag coefficients of polygons. Generally, for 
both wind directions, the drag coefficients decrease while the side numbers 
increase. The average drag coefficients of two representative wind directions 
present more regular and smoother tendency. The curve approaches to the point of 
a circular tower gradually. It is also displayed that the difference of wind drag for 
the two directional cases is getting smaller with increase of polygon side numbers. 
The two curves representing two wind directions are almost coincident after the 
point of side number being 4. In fact, an n-sided polygon looks very close to a 
circle when 12n ≥ , therefore there is almost no difference in the results for 
varying inlet wind directions. 
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Figure 6.7 Mean drag coefficients of polygons with wind into a vertex and wind into an 
edge, as well as the average of the mean drag coefficients of the two representative 
directions ( 66.48 10eR = × ). 
6.2.4 Drag coefficients of square towers with round corners 
The previous example demonstrates the variation of drag coefficients with 
increase of edge number of polygon. It displays a consistent reduction of wind 
drag as the polygon approaches a circle. Another way of evolving a square to a 
circle is to apply round corners and to increase the fillet radius. A parametric 
model is created to investigate this case. The edge breadth of a square is b and its 
four corners are rounded with fillet radius r. By gradually increasing this radius 
the cross section changes from a square ( / 0r b = ) to a circle ( / 0.5r b = ) and the 
drag coefficient varies accordingly (Figure 6.8). Generally, Cd decreases with 
increment of fillet radius r, although the curve becomes quite flat after / 0.35r b = . 
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Figure 6.8 Mean drag coefficients of rounded square with various radii ( 66.48 10eR = × ). 
Where possible, CFD simulation results are compared with Australian Codes 
AS/NZS 1170.2:2002 in Table 6.1. The drag coefficients for both circle and 
rounded square match the referred standard reasonably with relative error less 
than 10%, while Cd is underestimated by 13.2% for the sharp edged square. The 
reason of such difference could lie in some limitation of CFD turbulence model 
and different Reynolds number. Such an error is usually acceptable for CFD 
simulations. Even various wind codes suggest different load coefficients, and 
various literatures also provide results that differ considerably from each other, 
and from CFD simulations and tunnel tests.  
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Table 6.1 Drag coefficients (Cd) for several shapes ( 66.48 10eR = × ). 
Cd 
Cross-sectional shape Description 
This thesis AS/NZS 1170.2:2002 
 
Square with sharp 
edges 1.93 2.2 
 
Cylindrical 0.46 0.5 
 
Square with 
rounded corners 0.66 0.6 
 
6.3 Wind loads on straight and twisted buildings 
Along-wind loads on straight and twisted towers were investigated with steady 
state simulation in the last chapter. It has been shown that the reduction of along-
wind drag by twisting is not significant. In this section the twisting effects will be 
further investigated with transient analysis. Figure 6.9 displays a three-
dimensional CFD model of a straight tower. The tower is 30m × 30m × 180m in 
dimension, while the flow domain of simulation is 990m × 480m × 360m. This 
implies a blocking ratio of 3%. The wind velocity is set as 30 m/sv = at the inlet, 
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Figure 6.9 Three-dimensional CFD model of straight or twisted tower, with dimensions 
of the cross section as 30m × 30m. 
The calculation time history of along-wind load and cross-wind load of the 
straight tower is illustrated in Figure 6.10. Wind loads in both directions fluctuate 
with time. The time averaged drag (along-wind load) on the tower is 63.29 10×  N, 
while the time averaged lift (cross-wind load) is close to zero. However, The 
variation of lift is quite large, with its peak value close to 61.5 10×  N. Keep in 
mind that this value would be nil if a steady state analysis is applied, where the 
vortex shedding effect is not captured. Instantaneous pressure contours of 
transient analysis in Figure 6.11 display very similar pressure distribution at two 
height levels (z = 45m and z = 90m), although the patterns are not exactly the 
same due to 3D effects. The similarity of pressure contours at different levels 
means that the vortex will be formed and shed simultaneously at a constant 
frequency throughout the building height. If this frequency happens to match a 
natural frequency of the building, a resonant vibration of the structure will be 
excited. 
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Figure 6.10 Time history of wind load on a straight square tower. 
 
Figure 6.11 Instantaneous pressure contours at two height levels (z = 45m and z = 90m) 
for the straight tower. 
By twisting the above straight tower by 180 , a corkscrew building is formed. The 
twist tower is simulated in CFX using the same CFD model definition and 
simulation control parameters as those of the straight one. The time history of 
transient analysis demonstrates a slightly less wind drag of 63.04 10×  N (Figure 
6.12), a reduction of 7.6% compared with the straight tower. The time history of 
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cross-wind load of the twist tower becomes quite flat and does not fluctuate 
greatly unlike the case of the straight one. In fact, the cross-wind load is almost 
constant throughout the simulation time with a value of about 52.4 10− ×  N, 
compare to 61.5 10×  N for the straight tower. This value is non-zero because 
twisting makes the building not symmetric any more. If the tower is twisted by 
180−   the cross-wind load will be the same value but in an opposite direction. 
Twisting varies the cross-sectional layout at various heights. By varying cross-
sectional shape the vortex shedding can not be organized. The instantaneous 
cross-wind loads at various heights are of different values and directions, and they 
may cancel each other to reduce the variation of loads. Excited vibration of the 
building is avoided in this way. Twisting can be applied as one of several 
measures to avoid undesirable periodic across-wind force caused by vortex 
shedding. 
  
Figure 6.12 Time history of wind load on a twisted square tower. 
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6.4 Concluding remarks 
This chapter has carried out a systematic study of wind loads on both straight and 
twisted polygonal buildings using advanced transient CFD simulations. By 
increasing the number of polygon sides the drag coefficient of the tower decreases 
and eventually approaches to that of a circular tower. An investigation of drag 
coefficients of rounded squares demonstrates a substantial reduction in the wind 
drag while the radius of the corner is increased. Where possible, CFD simulation 
results have been compared with Australian Codes AS/NZS 1170.2:2002. 
Reasonable agreements have been obtained.  
When wind flows over a straight tower, vortexes form and shed in cycle with a 
constant frequency in the wake. The resulting cyclic cross-wind load will cause 
significant vibration of building if a natural frequency of the building is matched. 
Twisting makes straight surfaces of the building curved, and changes cross 
sectional layout throughout its height. Transient CFD simulations of this chapter 
do not show a tremendous reduction of along-wind load by twisting a straight 
square tower. However, the analysis has captured vortex shedding effects and the 
consequent cross-wind fluctuating forces of the straight tower, which may cause 
excited vibration of the structure. It is evident from the analysis results that 
twisting leads to a significant reduction in the cross-wind fluctuating forces as the 
vortex shedding becomes “confused” and hence cannot be synchronised due to the 
twist. 
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Chapter 7 
Topology optimization of buildings with wind 
loads 
7.1 Introduction 
In the last two chapters, wind loads were simulated using CFD methods. Wind 
loads of various polygonal towers as well as the effect of twisting were 
investigated with parametric studies. The parametric design approach is actually a 
simple procedure of optimization available for limited design variables. For the 
case of the twist tower, only one design parameter needs to be considered, i.e. the 
twist angle. Although the parametric design approach can be implemented very 
easily for a broad range of optimization problems, it is only suitable for problems 
with a small number of design variables (parameters). 
To address the limitation of the parametric design approach, the Evolutionary 
Structural Optimization (ESO) method (Xie & Steven, 1993, 1997) will be 
applied in this chapter to the optimum structural topology design of buildings 
considering wind loads. Wind load conditions can be obtained from wind tunnel 
tests, wind codes in design standards, or steady-state or transient CFD simulations 
as presented in the last two chapters. 
Numerical examples will demonstrate the effectiveness of the proposed procedure 
for topology optimization of buildings with wind loads. 
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7.2 ESO method for structural optimization with wind loads 
With some slight modifications, the traditional ESO method can be applied to 
topology optimization of buildings with wind. At this stage several simplifications 
have been assumed, although they are not always necessary for a general routine. 
The input of wind loads is assumed to be a ‘one-way’ process, i.e. the wind force 
loading will not change during optimization. This assumption has two aspects of 
meaning: 
• The deformation of a structure will not change the distribution of wind 
pressure, i.e. Fluid-Structure Interaction (FSI) is not considered in this 
study; 
• The modification of a structure will not change the applied wind loads; 
therefore, the surface elements with wind loads will not be optimized. 
With the above assumptions and simplifications the ESO procedure for structural 
optimization with wind loads is given as follows: 
1. Discretize the structure with finite elements and apply support conditions and 
dead loads to the model; 
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2. Define the non-design domain properly and apply wind loads to the model 
from the results of wind tunnel test, wind design codes or CFD simulations; 
3. Structure analysis with finite element method; 
4. Element sensitivity analysis according to a design criterion, such as stress, 
overall stiffness or displacements at key locations; 
5. Modify the topology of the structure by removing less efficient elements; 
6. Evaluate the design criterion and repeat steps 3-5 until the maximum iteration 
number or the convergence criterion is reached. 
Figure 7.1 is a flowchart of a more general ESO/BESO method for wind loading 
problems. The automatic feedback of wind load modification will only be 
available for CFD approach; however, this is not included in the current study due 
to its complexity. If the Fluid-Structure Interaction (FSI) is considered, the wind 
loads will be re-distributed due to the structural deformation. A consideration of 
load re-distribution will make the sensitivity analysis of ESO/BESO a more 
complex and challenging task, which is recommended for future research. 
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Figure 7.1    Flowchart of ESO/BESO method for structural optimization considering 
wind loads. 
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This algorithm is programmed in Compaq Visual Fortran and integrated with NEi 
Nastran software that is used as the FEA solver, while CFD is performed in 
ANSYS CFX as one of the three methods to determine wind loads. The results of 
CFD simulations are exported to an ASCII file that will then be input by 
NEiNastran as a loading condition. 
7.3 Case study 
The example considered here is a high-rise building with total dimensions of 
18.5m × 6.2m × 75m. It has totally 24 levels including 4 levels of underground 
basements (Figure 7.2). 
This is a preliminary study, and only wind load is considered. As shown in the 
half geometry model in Figure 7.2, the north and south walls are coupling walls to 
be optimized, while the east and west walls are non-designable walls with wind 
loads applied on them. The distribution of wind loading (Table 7.1) is provided by 
Felicetti Pty Ltd Consulting Engineers, Melbourne, according to wind codes of 
Australia/New Zealand Standard (AS/NZS 1170.2:2002). Wind loads on the east 
wall are pressure and wind loads on the west wall are suction. The ESO method 
with von Mises stress criterion is applied to the optimization of the coupling walls. 
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Figure 7.2 Geometry model of a high-rise building (a half model, north part). 
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Table 7.1 Distribution of wind loads on east and west walls (kpa) 
Level West wall East wall 
R 0.7417 1.0383 
L18 0.7292 1.0208 
L17 0.7292 1.0208 
L16 0.7167 1.0033 
L15 0.7167 1.0033 
L14 0.7042 0.9858 
L13 0.6875 0.9625 
L12 0.675 0.945 
L11 0.6625 0.9275 
L10 0.6375 0.8925 
L9 0.625 0.875 
L8 0.6 0.84 
L7 0.5875 0.8225 
L6 0.5542 0.7758 
L5 0.5292 0.7408 
L4 0.475 0.665 
L3 0.4292 0.6008 
L2 0.3792 0.5308 
L1 0.35 0.49 
G 0.35 0.49 
B1 0 0 
B2 0 0 
B3 0 0 
B4 0 0 
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7.3.1 Design Model 1– one load case 
The original wind load is asymmetric, and a series of asymmetric topologies of 
coupling walls have been achieved by gradually removing inefficient elements 
(Figure 7.3). The final design features a pattern of ‘W’ or ‘V’-like braces inclined 
by about 45 degree. 
7.3.2 Design Model 2 – two load cases 
In addition to the load case considered in Design Model 1, the second load case is 
applied as a symmetric one to the first load case, as wind may come from an 
opposite direction. Each load case is still asymmetric by itself, but the two load 
cases are symmetric to each other. Using the same ESO procedure the initial 
model evolves gradually to a symmetric pattern, an ‘X’-like bracing system 
(Figure 7.4). 
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Figure 7.3 Optimization process of the coupling wall with one load case.  
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Figure 7.4 Optimization process of the coupling wall with two load cases.  
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The results of optimization from the above two cases demonstrate that it is not 
necessary to have coupling elements uniformly distributed throughout the height 
of the building. At the upper floors, fewer coupling elements are needed. This will 
allow for more transparency for the apartments at upper levels. Under the 
considered load cases, these apartments (and possibly a penthouse) with 
unobstructed views will provide great financial benefits to the building owner. 
Putting fewer coupling elements at the upper levels will also provide the 
additional benefit of lowering the centre of gravity of the whole building. For such 
a slender structure, considerable costs will be involved in constructing an 
appropriate anchor system in the foundation. When the centre of gravity is 
lowered, such costs could be significantly reduced. 
However, it must be noted that no stiffness constraint has been considered in this 
preliminary study. Removal of elements without considering stiffness and 
displacement constraints may lead to a design that does not satisfy the 
requirements of structure, installation and comfortability.  
7.4 Concluding remarks 
The ESO method was applied to the optimization of buildings with a preliminary 
consideration of wind loads in this chapter. The research clearly demonstrates the 
benefits of topological structural optimization in creating novel structural systems 
that are structurally more efficient. Although this preliminary investigation has 
given some useful insights into the possibilities of improving the conceptual 
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structural system, further studies are needed to consider the fluid-structure 
interaction effect, i.e. the re-distribution of wind loads caused by structural 
deformation.  
Another important aspect for further study is the design of the east and west walls. 
It is possible, and desirable, to use the same topological structural optimization 
technique to find alternative systems for the east and west walls which will have 
enhanced structural efficiency as well as unique architectural characteristics. 
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Chapter 8 
Conclusions and recommendations 
The previous chapters (3-7) of this thesis have developed structural optimization 
techniques for a series of civil engineering applications, including form-finding of 
complex structures, optimum patch repair for structures with cracks, and building 
shape and topology optimization considering wind loads. This chapter summarises 
the major conclusions from the previous chapters and makes recommendations for 
further studies. 
8.1 Conclusions 
Based on the research presented in Chapters 3-7, the following conclusions can be 
drawn: 
1. The ESO method is a very powerful tool for structural topological design. 
The extension of the traditional ESO method in this thesis has expanded its 
scope of applications. By using the proposed tension or compression 
criteria, tension-dominant or compression-dominant structures can be 
obtained and optimized. Such kind of structures may utilize material more 
efficiently because certain construction materials are only suitable for 
sustaining compressive or tensile stress. Concrete, for example, is strong 
in compression but weak in tension.  
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2. The use of the ESO technique provides an exciting new opportunity for 
architectural form finding. Complex forms can be created that are based on 
rational structural behaviour. Applications of ESO to practical design 
problems clearly demonstrate the benefit and potential of using the 
topology optimization technique as a design tool. It enables architects and 
civil engineers to greatly expand the possible structural forms of their 
projects and to obtain designs that are not only structurally efficient but 
also aesthetically appealing. 
3. The topology of a patch for crack repair can be optimized using 
ESO/BESO methods to minimize SIF at the crack tip with the same 
volume of material. The BESO method demonstrates evident advantage 
over the ESO method by means of adding material and including a filter 
scheme. The numerical example shows a reduction of 24% stress intensity 
factor by optimizing the patch pattern. 
4. A systematic study of wind drag on high-rise polygonal buildings has been 
carried out using Computational Fluid Dynamics (CFD) with both steady-
state simulations and transient simulations. Parametric studies demonstrate 
a substantial reduction in the wind drag while the radius of the corners of 
the building is increased. Even a small round corner can make significant 
reduction of wind drag forces. It is desirable to build the tower with fillets 
on its edges for the purpose of an effective reduction of wind load. 
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5. CFD simulations of twist tower show that part of wind flows are directed 
along the twisted surfaces; however the reduction of along-wind drag is 
not significant. On the other hand, transient CFD simulations demonstrate 
that twisting leads to a significant reduction in the cross-wind fluctuating 
forces as the vortex shedding becomes unsynchronised throughout the 
building height.  
6. The ESO method has been demonstrated as an effective approach for the 
structure optimization of buildings considering wind loads. The proposed 
procedure is general and hence can be extended to a wide range of 
applications. 
8.2 Achievements 
This PhD research project has made original contributions to the fields of 
structural optimization for a series of civil engineering applications. As the 
outcome of this PhD research project, the following achievements are 
summarized: 
1. The original ESO method has been successfully extended to the design 
and optimization of tension-dominant or compression-dominant structures 
for maximum utilization of structural material (Xie, et al. 2010). 
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2. The modified ESO method of compression criterion has been applied to 
several case studies of real structures, such as the famous Sagrada Família 
Church façade in Barcelona that was designed by the renowned Spanish 
architect Gaudí more than 100 years ago with a similar aim but a different 
approach (Burry, et al. 2005). 
3. The pioneering work of this thesis in applying the ESO method 
successfully to form-finding and reverse engineering of iconic 
architectural designs has significantly expanded the opportunity of 
transdisciplinary cooperation between civil engineers and architects (Xie, 
et al. 2005; Felicetti, et al. 2006; Holzer, et al. 2005, 2007). 
4. Both ESO and BESO methods have been adopted and applied to the 
topology optimization for patch repair of cracked structures. 
5. Parametric studies have been carried out to optimize the shapes of 
polygonal towers and twisted buildings using CFD methods (Tang, et al. 
2010(a) and (b)). 
6. A general procedure has been proposed for the topological optimization of 
buildings considering wind loads using ESO method. 
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8.3 Recommendations for further research 
Based on the current achieved outcomes, further research on the topic of structural 
optimization for civil engineering applications and related topics can be carried 
out to widen the current scope and refine the numerical algorithms. The following 
recommendations are made: 
1. As stated in Chapter 3, the revised ESO method of tension or compression 
criterion is sometimes unstable. Although an alternative criterion has been 
provided as a possible solution to such a problem, the intuitive nature of 
this principal stress based ESO method could lead to other problems in 
producing tension-dominant or compression-dominant structures. A better 
solution is to apply BESO method allowing the wrongly removed elements 
to be restored later. 
2. For the crack patch repair problem in Chapter 4 further investigations 
should be carried out to study the influence of stiffness and thickness of 
adhesive on the optimum patch topology. The study in this thesis has been 
limited to cases of 2D through-thickness central cracks. Further research 
may extend the scope of problem to 3D and other kind of cracks. 
3. It will be most instructive to conduct an experiment to validate the 
numerical results of optimum patch repair in Chapter 4, particularity 
comparing the integrity of the patch evolved using ESO with that evolved 
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using BESO. An experimental investigation of these patch repairs under 
cyclic loading will also be of interest. 
4. This thesis has been using SST turbulence model for CFD simulations, as 
Large Eddy Simulation (LES) models are time consuming. For accuracy 
purpose, computer hardware environment can be improved to make it 
possible to take advantage of the LES. 
5. It is well known that the CFD simulation technology is not as mature as 
the FEA method. The optimized topology using both a parametric study 
and an ESO method should be verified by wind tunnel tests. 
6. Although the preliminary investigation in Chapter 7 has given some useful 
insights into the possibilities of improving the conceptual structural system 
of a building, further studies are recommended to consider the Fluid-
Structure Interaction (FSI) effect, i.e. the re-distribution of wind loads 
caused by structural deformation. 
7. In Chapter 7, NEi Nastran was used for the structural analysis and ANSYS 
CFX for the wind load analysis. ANSYS was not exclusively used because 
the ESO/BESO codes had been initially programmed and link to NEi 
Nastran without a consideration of CFD simulation. It would be better to 
perform both FEA and CFD in ANSYS, especially when Fluid-Structure 
Interaction (FSI) is considered. 
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8. The method of structural topology optimization considering wind load 
presented in this thesis assumes that wind loads do not change during 
structural evolution, and assigns non-design properties to the loading 
elements. This assumption restricts the scope of application. It is desirable 
to allow the surface elements with wind loads to be removed (e.g. opening 
a window) so as to enhance the structural efficiency as well as to 
incorporate unique architectural characteristics. This will be a more 
complex and challenging task, but more useful in applications as well. 
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